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3-D Imaging of Inhomogeneous Materials
Loaded in a Rectangular Waveguide

Emre Kılıç, Funda Akleman, Bayram Esen, Duygu Merve Özaltın, Özgür Özdemir, and Ali Yapar

Abstract—A Newton-type method for the reconstruction of
inhomogeneous 3-D complex permittivity variation of arbitrary
shaped materials loaded in a rectangular waveguide is presented.
The problem is first formulated as a system of integral equations
consist of the well-known data and object equations, which contain
the dyadic Green’s function of an empty rectangular waveguide.
Two unknowns of this system are solved in an iterative fashion by
linearizing one of them, i.e., the data equation in the sense of the
Newton method, which corresponds to a first-order Taylor expan-
sion of the related integral operator. Since the problem is severely
ill posed by nature, a regularization in the sense of Tikhonov is
applied to the data equation. A detailed numerical implementation
of the method, together with some numerical examples are also
given to show the capabilities and validation limits of the method.

Index Terms—Inhomogeneous permittivity reconstruction, in-
verse problem, Newton method, rectangular waveguide.

I. INTRODUCTION

P RECISE imaging of electromagnetic parameters of mate-
rials is a very important topic in electromagnetic and mi-

crowave theory since it has a wide range of applications in the
areas of microwave devices, filter design, nondestructive testing,
material science, biomedical applications, etc. The conventional
problem in this subject is the determination of the permittivity of
a homogeneous material, wherein it is possible to reach a huge
number of studies in the open literature [1]–[16]. Classical ap-
proaches for this problem can be classified in three categories,
which are: 1) free-space methods; 2) transmission line methods;
and 3) waveguide methods. A more complicated problem com-
pared to that of homogeneous materials is related to multilay-
ered structures [17], [18]. The general approach in most of the
studies mentioned above is based on the expression of the prop-
agation constant inside the material in terms of measured scat-
tering parameters of the structure under test. More recent works
related to waveguide methods were usually based on neural-net-
work- and genetic-based algorithms for different type of appli-
cations. For example, a neural-network approach for the profiles
having 2-D variations was presented in [19], where the profiles
have been approximated by linear, quadratic, or Gaussian base
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functions with a few coefficients, and very satisfactory numer-
ical results have been reported. However, a priori knowledge
of the functional variation of the actual profile is indispensable
in this method. A nondestructive testing application for the de-
termination of spherical inclusions in a homogeneous dielectric
material is formulated in [20], again by the use of the neural-net-
work method. In [21], a genetic algorithm combined with a gra-
dient descent optimization method is applied to homogeneous
or layered materials having different shapes and positions.

The more general and inclusive problem in this respect is the
reconstruction of the complex permittivity distribution of an ar-
bitrary shaped inhomogeneous material loaded in a waveguide.
To the best of our knowledge, this problem has not been inves-
tigated enough in the open literature and it is open to new theo-
retical, as well as experimental, contributions. Furthermore, al-
though this problem belongs, in principle, to the class of inverse
problems, it is so far not investigated by the general and con-
ventional integral-equation-based methods of inverse scattering
theory, except in [22]–[24], wherein [22] and [23]were related to
1-D structures, while in [24], an immature theory and the very
preliminary results for the 3-D case were presented as a con-
ference abstract. Eventually the general integral-equation-based
inverse-scattering approach to the problem with a detailed anal-
ysis will be an initiative work for further developments in the
3-D case.

Within this framework, the main aim of this study is to ad-
dress the theoretical and numerical analysis of the 3-D imaging
problem related to inhomogeneous lossy materials located in
a rectangular waveguide by an inverse scattering formalism,
which is based on the Newton iterative algorithm. Along this
direction, an empty rectangular waveguide is taken into consid-
eration, which is to be filled with an inhomogeneous material
whose permittivity distribution may have an arbitrary variation
in spatial coordinates. The problem is then formulated as an in-
verse scattering one by considering the well-known data and ob-
ject equations written in terms of the object function and the
electric field distribution inside the waveguide. The data, which
should be provided by real measurements in practical applica-
tions, are obtained by solving the direct problem through the
finite-difference time-domain (FDTD) method, which also pre-
vents us from the inverse crime. It is also worth mentioning that
the method given in this study allows one to use both the domi-
nant and/or higher order modes for the excitation, where, in fact,
even in the dominant mode excitation, the higher order modes
may exist since the geometrical and physical properties of the
material are assumed to have arbitrary variations.

In the application of the method, the first the data equation
that connects the measured scattered field and the unknown in-
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homogeneous permittivity distribution is written in an operator
form in terms of a vectorial density function, which is defined
by the multiplication of the object function and the total elec-
tric field. An initial estimate of the density function is then ob-
tained via the back propagation algorithm [25]. By the use of
this initial guess, the total electric field inside the reconstruction
region is calculated from the object equation through a stan-
dard 3-D numeric integration. The first approximation of the
object function is then determined using the known values of
the vectorial density function and the total electric field vector
in a least square sense. The rest of the algorithm is an iterative
one by nature, i.e., the data equation is linearized in terms of
the object function through the Frechét derivative of the related
operator and then the updated density function corresponding
to the update of the object function is calculated. The updated
density function is substituted in the object equation in order
to find the new electric field vector inside the object. From the
knowledge of the updated field and density functions, the ob-
ject function is again calculated in a least square sense. This
iteration scheme is continued until a desired level of accuracy is
obtained. Since the data equation is an ill-posed one, Tikhonov
regularization in each iteration step is applied where the reg-
ularization parameter is calculated by Morozov’s discrepancy
principle [26]. In order to show the applicability, as well as the
limitations of the method, some illustrative numerical examples
are presented. The preliminary numerical examples showed that
this conventional basic method, which is comprehensively ap-
plied to open region problems, is also applicable to a waveguide
problem even in the case of a very limited number of data. Al-
though the method yields quite satisfactory results, especially
for smooth and continuous variations, the sharp changes in both
geometrical and physical properties of the material cannot be
reconstructed properly, even though it is not an intrinsic limita-
tion of the method.

In Section II the general formulation of the problem is pre-
sented by introducing the data and object equations. Section III
is devoted to the solution of the inverse problem, while in
Section IV some numerical simulations are given. Finally,
conclusions and some comments are presented in Section V.
Time convention is assumed as and omitted from now on.

II. GENERAL FORMULATION OF THE PROBLEM

Consider the geometry shown in Fig. 1, where a rectangular
waveguide with dimensions is loaded with a nonmagnetic

object , having inhomogeneous relative dielectric
permittivity and conductivity , where
denotes the position vector of any point in waveguide. Without
loss of generality, it can be assumed that the object may also
be composed of disjoint bodies. Let us denote the incident, scat-
tered, and total electric field vectors inside the waveguide by

and , respectively. Here, the incident field corre-
sponds to an electric field vector inside the empty waveguide
for a chosen exciting case, while is the total electric field in
the waveguide, which is loaded by an arbitrary shaped inhomo-
geneous dielectric material. Thus, the field defined by

(1)

Fig. 1. Geometry of the problem: rectangular waveguide loaded with an arbi-
trary shaped inhomogeneous material.

can be considered as the contribution of the inhomogeneous 3-D
body to the total field. From the above definitions, together with
wave equation in the waveguide and using Green’s theorem, one
has the following two integral equations:

(2)

(3)

which are known as object and data equations, respectively. In
(2) and (3), denotes the dyadic Green’s function of the empty
rectangular waveguide whose explicit expression can be found
in [27], which will not be repeated again here for the sake of
brevity. The function appearing in (2) and (3) is the object
function defined as

(4)

where denotes the wavenumber of any point in the loaded
waveguide whose square is expressed as

otherwise
(5)

for a given angular frequency .
Note that (2) and (3) are written for the points inside and out-

side the inhomogeneous object, respectively. In (3), denotes
any region outside the inhomogeneous body, which actually
corresponds to the measurement domain. In practical applica-
tions, consists of two points (Port 1 and Port 2) corresponding
the so-called -parameters measurement setup. The waveguide
problem whose geometrical configuration is given in Fig. 1 is
represented by the system of integral equations given by (2) and
(3), and therefore, they can be used for solving both direct and
inverse problems. In the direct problem, the function , i.e.,
the material properties, are known and the electric field distribu-
tion is to be determined at any point inside the waveguide, while
in the inverse problem, is known at some points outside
the inhomogeneous object and the function is to be deter-
mined. It is clear from the definition of the object function given
by (4) that vanishes for the points outside the body under
test. Therefore, at least theoretically the support of the object
function also determines the boundary of the object.

III. NEWTON-BASED RECONSTRUCTION METHOD

In this section, we will present a Newton-based algorithm in
order to reconstruct the variation of the permittivity and con-
ductivity of the object located in rectangular waveguide. To this
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aim, let us first define a vectorial density function, which indeed
corresponds to a kind of current source distribution—except a
complex constant factor—as the multiplication of the total elec-
tric field vector and the object function by

(6)

in which the index is used to represent different frequencies
within a chosen exciting frequency band. Since the imaginary
part of the object function is dependent on the frequency, it will
be convenient to use the following normalization [25]:

(7)

where is the minimum frequency in the working frequency
interval.

The data equation can now be written in a compact form as
follows:

(8)

where the operator is defined by

(9)

Note that all integral operators in the formulation are nu-
merically approximated by corresponding matrices through the
discretization of the integration domain. In the discretization
procedure, the integration domain is divided into small rectan-
gular prism-shaped cells and all the functions, except the dyadic
Green’s function, are assumed to have constant values inside the
cells. The integration of slowly convergent series appearing in
dyadic Green’s function in 3-D small cells of the reconstruction
domain is achieved by the partial summation technique, as ex-
plained in [27].

In order to determine the initial variations of and ,
which will be used in the Newton iterative algorithm, we first
apply the back propagation method [25] to obtain the initial
value of density function as

(10)

where is the adjoint of the operator , and the norms ap-
pearing in [10] are norms of the matrices corresponding to
the 3-D integral operators. One can then easily substitute this
function into an object equation and perform a classical 3-D nu-
merical integration to obtain the initial guess of the total electric
field as

(11)

Before going into the details of the algorithm, it will be con-
venient to mention that the relation given by (6) constitutes an
overdetermined system for since the object function
is a scalar one. Although the co-polarized components of the
vectors dominate this vectorial relation, especially in the fully
filling case, we prefer to solve the object function from this
equation by a least square algorithm in order to take the ad-
vantage of additional data coming from cross-polarized compo-
nents. Also, we force the initial guess to be a complex constant
in order to avoid unstable values, which may lead divergent re-
sults in the application of the Newton method. Therefore, in a
least square sense, an average initial value of the object function
can be written as

(12)

(13)

Here, and denote the complex conjugate,
unit vectors , and the number of subcells of the discretized
volume of the object under test, respectively. Using these initial
variations it is possible to give an iterative algorithm, which is
based on the linearization of the data equation in the Newton
sense as

(14)

where in (14) is the Frechét derivative of the operator
defined by

(15)

where

(16)

Here, the function corresponds to the update amount of
the object function. Equation (14) is a Fredholm integral equa-
tion of the first kind with respect to and it is severely
ill posed. In order to obtain a stable solution, we apply the
well-known Tikhonov regularization in which the regularization
parameter is determined by Morozov’s discrepancy principle
[26] based on the estimated power noise. The regularized solu-
tion of (14) can then be given as

(17)

where denotes the identity operator. Now the updated density
function is substituted into the object equation to obtain the up-
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dated total electric field. Again, by using a least square method,
one can get as

(18)

(19)

Now the object function can be updated easily as
and the total electric field can be updated through

solving the object (2). The above iteration is continued until
the norm of becomes smaller than a predefined real
number.

IV. NUMERICAL APPLICATIONS

In this section, we present some numerical results in order
to validate the method as well as to see the effects of some pa-
rameters on the results. In all simulations, a cross section of the
waveguide is chosen as cm and cm, which al-
lows single mode propagation between 2.0833 and 4.1667 GHz.
To be able to model more realistic cases, a random term

(20)

is added to the simulated data of the scattered field, where is
the noise level and ’s are normally distributed random num-
bers.

As a first example, we consider an inhomogeneous lossy di-
electric rectangular prism, which is placed in

cm . The real and imaginary parts of the ob-
ject function of the material under test vary linearly and sinu-
soidally along the -axis, respectively. The reflected and trans-
mitted fields are assumed to be measured at two points defined
by cm and

cm, respectively, for excitation. Exact and
reconstructed variations of real and imaginary parts of the ob-
ject function are given in Figs. 2 and 3. The results are plotted
for five different constant values corresponding to different
slices. The operating frequency and the number of subcells are
chosen as GHz and , respectively, while the
noise level is and the number of iterations is nine. In
order to show the convergency rate of the method, the norm
of with respect to the iteration number is shown in
Fig. 4. Through the results, one can observe that the method is
quite capable of reconstructing smoothly varying profiles even
with only two data.

In the second example, the proposed method is applied to
a three-layer dielectric profile placed in

cm , where the waveguide is excited by the
dominant mode. The reflected and transmitted fields are again
assumed to be measured at the points defined by

cm and cm. In Figs. 5
and 6, the exact and reconstructed profiles, which are obtained
for , , and iteration number 98, are plotted
where the number of operating frequency is chosen as in
a range of – GHz. It is obvious from the results that

Fig. 2. Exact and reconstructed profiles of an inhomogeneous material having
linearly varying real part for five different � slices.

Fig. 3. Exact and reconstructed profiles of an inhomogeneous material having
sinusoidally varying imaginary part for five different � slices.

Fig. 4. Variation of the norm of the normalized update of object function versus
iteration number.

the method is not capable of catching the sharp transitions, but
gives a smoothed approximation of the original profile.

In the third example, we consider a lossless dielectric mate-
rial having 2-D sharp variation, which is placed in

cm . From the numerical implemen-
tations, it is first observed that such a kind of structure cannot
be reconstructed properly using only two data, therefore, we as-
sume that the reflected and transmitted fields are measured at
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Fig. 5. Exact and reconstructed profiles of the three-layer material: real part of
���� for five different � slices.

Fig. 6. Exact and reconstructed profiles of the three-layer material: imaginary
part of ���� for five different � slices.

equidistant points defined in the regions
cm , cm and

cm , cm. The exact and reconstructed profiles,
which are obtained for GHz, , and
iteration number 20, are presented in Fig. 7. It should be noted
that all the propagating modes are excited in this example. It
can be seen from the reconstructions that the method gives only
a rough approximation of the actual profile. On the other hand, it
is also observed through the numerical applications that multi-
frequency measurements do not improve the results for the given
parameters, while the results start to deteriorate for higher noise
levels. In order to show that the effect of higher noise levels
can be reduced by multifrequency measurements, a previous ex-
ample is again considered with the same parameters, except for
the noise level of , the number of the chosen frequencies

in a range of GHz, and iteration number of
121. The exact and reconstructed profiles are shown in Fig. 8,
which shows that the multifrequency measurements makes the
method robust against noise.

The final example is devoted to show that the reconstruction
quality can be enhanced by using higher frequencies, especially
for sharp variations. Thus, we reconsider the profile in the pre-
vious example and apply the method for a single frequency of

GHz with the data measured at same points and contam-
inated with a noise of level . The number of cells for
this case is chosen as . Note that all the propagating

Fig. 7. Exact and reconstructed profiles of an inhomogeneous material having
sharp variations for � � ���� and � � � GHz.

Fig. 8. Exact and reconstructed profiles of an inhomogeneous material having
sharp variations for � � ��� and � � � in a range of � � 	–� GHz.

Fig. 9. Exact and reconstructed profiles of an inhomogeneous material having
sharp variations: � � ���� and � � � GHz.

modes are included in the excitation. The reconstructions that
show a satisfactory improvement compared to lower frequency
results are demonstrated in Fig. 9.

V. CONCLUSION

In this study, the reconstruction problem related to 3-D arbi-
trary-shaped inhomogeneous lossy dielectric materials located
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in a rectangular waveguide is theoretically and numerically in-
vestigated by an inverse scattering formalism through the well-
known Newton iterative algorithm. The problem is first reduced
to the solution of a coupled system of integral equations by the
aid of dyadic Green’s function of the empty waveguide. The in-
tegral operators are then discretized to reduce the problem into
matrix systems, which are solved through standard techniques.
From the numerical implementations, it is shown that the pre-
liminary results are promising, even though the method have
certain validation limits. Furthermore, very satisfactory results
are obtained, especially for smoothly varying profiles. It is also
observed that the method is very sensitive to the noisy data in
single frequency measurement case. However, this sensitivity
can be readily reduced by the use of multifrequency measure-
ments, as shown in numerical results. Another issue that is worth
noting is that the resolution of the method can be enhanced by
using higher frequencies for the profiles having abrupt changes
in their geometrical or physical properties. It should be men-
tioned as a final note that although the results presented in this
study initially seem very satisfactory for a 3-D reconstruction
problem, the method should be improved so as to be applicable
with real measurement setup, and it should certainly be tested
against real data. Further studies will be developed in this direc-
tion.
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