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Abstract: In this paper, according to some numerical computational evidence, we investigate and
prove certain identities and properties on the absolute Mobius divisor functions and Euler totient
function when they are iterated. Subsequently, the relationship between the absolute Mobius divisor
function with Fermat primes has been researched and some results have been obtained.
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1. Introduction and Motivation

Divisor functions, Euler ¢-function, and Mobius u-function are widely studied in the field of
elementary number theory. The absolute Mobius divisor function is defined by

U(n) = |} du(d)].

dln

Here, n is a positive integer and y is the Mobius function. It is well known ([1], p. 23) that

p(n) =) u(d)

dn

7

WS

where ¢ denotes the Euler ¢-function (totient function). If n is a square-free integer, then U(n) = ¢(n).
The first twenty values of U(n) and ¢(n) are given in Table 1.

Table 1. Values of U(n) and ¢(n) (1 < n < 20).

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
un) 1.1 2 1 4 2 6 1 2 4 10 2 12 6 8 1 16 2 18 4
1 2 2 4 2 6 4 6 4 10 4 12 6 8 8§ 16 6 18 8

Let Uy (n) :=n, U (n) := Uy (n) and Uy, (n) := Uy—1 (U (n)), where m > 1.

Next, to study the iteration properties of Uy, (1) ( resp., ¢, (1)), we say the order (resp., class)
of n, m-gonal (resp., m’-gonal) absolute Mobius ( resp., totient) shape numbers, and shape polygons
derived from the sum of absolute Mobius divisor (resp., Euler totient) function are as follows.
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Definition 1. (Order Notion) To study when the positive integer U, (n) is terminated at one, we consider
a notation as follows. The order of a positive integer n > 1 denoted Ordy(n) = m, which is the least positive
integer m when Uy, (n) = 1and U,,_1 (n) # 1. The positive integers of order 2 are usually called involutions.
Naturally, we define Ordy (1) = 0. The first 20 values of Ordy(n) and C(n) + 1 are given by Table 2. See [2].

Table 2. Values of Ordy(n) and C(n) +1 (1 < n < 20).

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Ordp(n) 0 1 2 1 2 2 3 1 2 2 3 2 3 3 2 1 2 2 3 2
cCn)+1 0o 1 2 2 3 2 3 3 3 3 4 3 4 3 4 4 5 3 4 4

Remark 1. Define ¢o(n) = n, ¢1(n) = ¢(n) and ¢x(n) = @(¢x_1(n)) for all k > 2. Shapiro [2] defines the
class number C(n) of n by that integer C such that ¢c(n) = 2. Some values of Ordy(n) are equal to them of
C(n) + 1. Shapiro [2] defined C(1) +1 = C(2) +1 = 1. Here, we define C(1) +1=0and C(2)+1=1. A
similar notation of Ord(n) is in [3].

Definition 2. (Absolute Mobius m-gonal shape number and totient m’-gonal shape number) If Ordy(n) =
m — 2 (resp., C(n) +1 = m’, we consider the set {(i, U;(n))|i = 0,...,m — 2} (resp., {(i, p;(n))|i =
0,..,m" —2} and add (0,1). We then put V,, = {(i,U;(n))]|i =0,..,.m—2}U{(0,1)} (resp., R, =
{(i,9i(n))]i =0,..,m" —2}U{(0,1)}). Then we find a m-gon (resp., m’-gon) derived from V, (resp., Ry).
Here, we call n an absolute Mibius m-gonal shape number (resp., totient m’-gonal shape number derived from
U and Vy, (resp., ¢ and R,;) except n = 1.

Definition 3. (Convexity and Area) We use same notations, convex, non-convex, and area in [3]. We say that
n is an absolute Mobius m-gonal convex (resp., non-convex) shape number with respect to the absolute Mobius
divisor function U if {(i, U;(n)) |i =0, ...,m —2} U{(0,1) } is convex (resp., non-convex). Let A(n) denote
the area of the absolute Mobius m-gon derived from the absolute Mobius m-gonal shape number. Similarly,
we define the totient m’'-gonal convex (resp., non-convex) shape number and B(n) denote the area of the totient
m'-gon.

Example 1. Ifn = 2 then we obtain the set of points V; = Ry = {(0,2),(1,1),(0,1)}. Thus, 2 is an absolute
Mabius 3-gonal convex number with A (2) = 3. See Figure 1. See Figures 2—4 for absolute Mobius n-gonal
shape numbers and totient n-gonal shape numbers with n = 2,3,4,5. The first 19 values of A(n) and B(n) are

given by Table 3.

o
w

Figure 1. U(2) = ¢(2).
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A(3)=B(3)=2

Figure 2. U(3) = ¢(3).

]

(0,1)

1

Figure 4. U(5) and ¢(5).

Table 3. Values of A(n) and B(n) (2 <n < 20).

30f12

n 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

1 3 7 7 15 13 25 15 19 25

Am) L+ 2 3 5 7 9 3 5 % 17 B 18 % 14 B 23 % 27 2%
Bn) 3+ 2 3 6 2 9 % 10 ¥ 18 2 21 % 18 ¥ 3 % 32 4
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Kim and Bayad [3] considered the iteration of the odd divisor function S, polygon shape, convex,
order, etc.

In this article, we considered the iteration of the absolute Mobius divisor function and Euler
totient function and polygon types.

Now we state the main result of this article. To do this, let us examine the following theorem.
For the proof of this theorem, the definitions and lemmas in the other chapters of this study have
been utilized.

Theorem 1. (Main Theorem) Let p1, ..., py be Fermat primes with p1 < pa ... < pu,
FO = {plr .. .,pu},
t
Fli—{HPz‘WiEFo, 1<f<5},
i=1

r
F = {Hlpif|pi]€1:0’ plgpil <Pi2~'<Pi,§Pu/ TSM}—(F()UFl).
]:

If Ordy(m) = 1 or 2 then a positive integer m > 1 is

an absolute Mobius 3-gonal (triangular) shape number, ifm=2 ormeF
an absolute Mobius 4-gonal convex shape number, ifmeFp—{3}ormekF
an absolute Mobius 4-gonal non-convex shape number, otherwise.

Remark 2. Shapiro [2] computed positive integer m when C(m) +1 = 2. That is, m = 3,4,6.Let C(m) +1 =
1 or 2. Then

(1) If m = 2,3 then m are totient 3-gonal (triangular) numbers.
(2) Ifm = 4,5 then m are totient 4-gonal non-convex numbers.

2. Some Properties of U(n) and ¢(n)

It is well known [1,4-14] that Euler ¢-function have several interesting formula. For example,
if (x,y) = 1 with two positive integers x and y, then ¢(xy) = ¢(x)¢(y). On the other hand, if x is a
multiple of y, then ¢(xy) = y¢(x) [2]. In this section, we will consider the arithmetic functions U(n)
and ¢(n).

Lemma 1. Let n = p{'p;? - - - py" be a factorization of n, where p, be distinct prime integers and e, be positive

integers. Then,
.

u(n) =TTp:-1).

i=1

€1

Proof. If n = p'p3* - - - pi’ is an arbitrary integer, then we easily check

U(n) = |} p(d)d

d|n
= ’1 —p1—p2—..—pr+pip2+...+ (—1)”;)1;72...;)7’
=P =1 (p2—1) . (pr—1).

This is completed the proof of Lemma 1. [
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Corollary 1. If p is a prime integer and « is a positive integer, then U(p) = p — 1 and U(p*) = U(p).
In particular, U(2%) = 1.

Proof. Itis trivial by Lemma 1. O
Corollary 2. Let n > 1 be a positive integer and let Ordy(n) = m. Then,

Ug(n) > U (n) > Uy (n) >---> Uy (n). 1)
Proof. Itis trivial by Lemma 1. [

Remark 3. We compare U (n) with ¢(n) as follow on Table 4.

Table 4. U(n) and ¢(n).

U(n) p(n)
n=py--p (p1=1)-(pr=1) (P =Pt )
n =2k 1 2k-1
sequences Up(n)>Up(n) >Up(n) >+ @o(n)>¢1(n)>¢@r(n)>---

Lemma 2. The function U is multiplicative function. That is, U(mn) = U(m)U(n) with (m,n) = 1.
Furthermore, if m is a multiple of n, then U(mn) = U (m).

Proof. Let m = pi'p..pi and n = q{lq?...q{s be positive integers. Then pi',p72, ..., p;' and

q{l,q?,..., q{s are distinct primes. If (m,n) = 1 and also p|m, pn, q|n, and gm by Lemma 1, we

note that

U(mn) = (tr—1)

Let m be a multiple of n. If p;|n then p;|m. Thus, by Lemma 1, U(mn) = U(m). This is completed
the proof of Lemma 2. O

Remark 4. Two functions U(n) and ¢(n) have similar results as follows on Table 5. Here, n|m means that m
is a multiple of n.

Table 5. U(n) and ¢(n).

(mn) =1 nlm
p(mn) — g(m)g(n)  ne(m)

Theorem 2. Foralln € N — {1}, there exists m € N satisfying Uy, (n) = 1.

Proof. Let n = pi'p22...p7", where py, ..., pr be distinct prime integers with p; < p, < ... < p.
r

We note that U(n) = ] (p; — 1) by Lemma 1.

i=1
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If r = 1and p; = 2, then U(n) = 1 by Corollary 1.
If p; is an odd positive prime integer, then U(p:’) = p; — 1 by Corollary 1.
We note that p; — 1 is an even integer. Then there exist distinct prime integers g,,, ..., g;, satisfying
1, fi is
pi—l :21qi11 q{;’
where f; > 1,1; > 1and gq;, < --- < g;,. It is well known that g;, < p%l < p’Tfl.
By Lemma 2, we get

Up(pi) = U(p; — 1) = Ul(qy,) - - - U(gs,)- @)

By using the same method in (2) for 1 <i; <'s, we get

Us(n) = U(T (pi — 1)

u (2 [T q)
11 1y
i=1

with q](.lz) < q](.zz) < < q](i). It is easily checked that q](.kz) < max{%, veer '7’”2—_1}
Using this technique, we can find / satisfying

st = (507 1) (o 1) =2 [Tl

with g < 100.
By Appendix A ( Values of U(n) (1 < n < 100)), we easily find a positive integer v that U, (n') = 1
for 1 < n’ <100. Thus, we get U,(U;_1(n)) = 1. Therefore, we can find m = v+ 1 — 1 € N satisfying

Up(n) =1. O
Corollary 3. Forall n € N — {1}, there exists m € N satisfying Ord(n) = m.
Proof. It is trivial by Theorem 2. []

Remark 5. Kim and Bayad [3] considered iterated functions of odd divisor functions S,,(n) and order of n.
For order of divisor functions, we do not know Ord(n) = oo or not. But, functions Uy, (n) (resp., ¢;(n)),
we know Ord(n) < oo by Corollary 3 (resp., [15]).

Theorem 3. Let n > 1 be a positive integer. Then Ordy (n) = 1 if and only if n = 2X for some k € N.

Proof. (<) Letn = 2F. Tt is easy to see that U (n) = U (n) = 1.
(=) Letn = p{'p32...py" be a factorization of 1, and all p, are distinct prime integers. If Ord, (1) =

1, then by using Lemma 1 we can note that,

I=(p1—1)(p2—1)...(pr —1). 3)
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According to all p; are distinct prime integers, then it is easy to see that there is only exist p; and
that is p; = 2. Hereby n = 2* for some k € N.
This is completed the proof of Theorem 3. O

Remark 6. If k > 0 then 2X is an absolute Mobius 3-gonal (triangular) shape number with A (2") =
% (2" — 1) by Theorem 3.

Theorem 4. Let n, m and m’ be positive integers with greater than 1 and let Ordy (n) = mand C(n) +1 = m’.

Then, A(n),B(n) € Zifand only ifn =1 (mod 2). Furthermore,

m—1
Aln) = Y Ug(n)+ 5 (1+n) —m @

k=1

and -
B(n) =Y (pk(n)+%(1+n)—m’. (5)

k=1

Proof. First, we consider A(n). We find the set {(0,Uy (n)), (1, Uy (n)),...,(m, Uy (n))}. Thus,
we have

Aln) = 3 (Up () + Uy (1)) + 3 (Uy () + Up (m)) + .+ 3 (Uny (1) + Uy () —
:lll(n)+...+llm_1(n)+%(1+n)—m.
E%(l—i—ﬂ) (mod 1).

Similarly, we get (5). These complete the proof of Theorem 4. [

3. Classification of the Absolute Mébius Divisor Function U (n) with Ord,(n) =2

In this section, we study integers n when Ordy(n) = 2. If Ordy(n) = 2, then n has three cases
which are 3-gonal (triangular) shape number, 4-gonal convex shape number, and 4-gonal non-convex
shape numbers in Figure 5.

T T T T T T T T T
3 0 3

Figure 5. 3-gonal (triangular), 4-gonal convex, 4-gonal non-convex shapes.

Theorem 5. Let py, ..., py be Fermat primes and ey, ..., e, be positive integers. If n = kail pr...py, then

Ordz (1’1) =2.

Proof. Let
pi=22"4+1 1<i<r) (6)
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be Fermat primes. By Corollary 1 and Lemma 2 we have
U (n) = U (255 52
= U (2) U (pi) U (p2) U (p)

=(p—-(p2—1)...(pr—1)
= 02" 2" 2™

=2t

Thus, we can see that U (1) = Uy (n) = 2" and Uy (n) = U (U; (n)) = U (2') = 1. Therefore, we get
Theorem 5. [

The First 32 values of U(n) and ¢(n) for n = 2€p{p32...pi" are given by Table A2 (see Appendix B).
Remark 7. Iterations of the odd divisor function S(n), the absolute Mobius divisor function U(n), and Euler
totient function ¢(n) have small different properties. Table 6. gives an example of differences of ¢y(n), Ux(n),
and S(n) withk =1,2.

Table 6. ¢y (1), Uy(n), and Si(n) withk =1,2.

Function f U(n) @(n) S(n)
filn) =1 n =2k n =2k n =2k
(k>0) (k=0,1) (k>0)
fr(n) =1 n=2kpl . pyr n = 2kigk n=2kg .. .qs
(k>0) (k1 =0,1) (k>0)
p; - Fermat primes (k; =0,1) g;: Mersenne primes
(Theorem 5) (2], p- 21) ([31,p-3)

Lemma 3. Let n = p; be Fermat primes. Then 3 is an absolute Mobius 3-gonal (triangular) shape number and
pi (# 3) are absolute Mobius 4-gonal convex numbers.

Proof. The set {(0,3),(1,2),(2,1),(1,0)} makes a triangle. Let p; = 22" + 1 be a Fermat primes
except 3. We get U (p;) = 22", So, we get

A={(022"+1),(122"), 1), 01}

Because of (szi +1-— 22mi> < (221;1,- — 1) , the set A gives a convex shape. This completes the
proof Lemma 3. O

Lemma 4. Let p; be Fermat primes. Then 2™\p; and p; are absolute Mobius 4-gonal non-convex shape
numbers with my, my(> 2) positive integers.

Proof. Let p; = 22" + 1 be a Fermat primes. Consider

2Mpi— (pi—1) =2 22" _ 22" gnd (p;—1)—1=2"" —1.

So, 2™Mp; — (p; — 1) > (p; — 1) — 1. Thus, 2™ p; are absolute Mobius 4-gonal non-convex shape
numbers. Similarly, we get p;* — (p; —1) > (p; — 1) — 1.
Thus, these complete the proof Lemma 4. [
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Lemma 5. Let p1,...,pr be Fermat primes. Then 2p1...p, are absolute Mdbius 4-gonal non-convex
shape numbers.

Furthermore, if m, ey, . .. e, are positive integers then 2™ pi' . .. py" are absolute Mobius 4-gonal non-convex
shape numbers.

Proof. The proof is similar to Lemma 4. O

Lemma 6. Let r be a positive integer. Then

r . r .
[1(2%+1)—2[]2* +1=0.
j i=0

i=0

Proof. We note that

r . 21+l roo
i o X -1 2i  ortl_q
H(x +1)77x—1 andljx =x .
i=0 i=0
Let f(x) := [T (22i + 1) - 21T, 22 + 1. Thus f(2) = 0. This is completed the proof of
Lemma 6.
O

Corollary 4. Let f; € Fy. Then f; is an absolute Mobius 3-gonal (triangular) shape number.
Proof. Itis trivial by Lemma 6. [

Remark 8. Fermat first conjectured that all the numbers in the form of f, = 2% +1 are primes [16].
Up-to-date there are only five known Fermat primes. That is, fo =3, f1 =5, fo =17, f3 =257, and
f4 = 65537.

Though we find a new Fermat prime pe, 6th Fermat primes, we cannot find a new absolute Mobius 3-gonal
(triangular) number by

) , 4 . 7
(221 + 1) X (22’ +1> 2 <H22’> 22" 11>0. @)

4
i=0 i=0

;

Lemma 7. Let p1, p2,. .., pr, pt be Fermat primes with py < p2 < ... < pr <prandt >5.Ifn =[] p; €
i=1

Fy then n x p; are absolute Mobius 4-gonal convex shape numbers.

Proof. Let p; = 22° 4 1 be a Fermat prime, where k is a positive integer. We note that » < 5 and

pr = 22° 41> 22 4 1. Inasimilar way in (7), we obtain

pr---prpt=2(p1=1)...(pr =1 (pr —1) +1=

r—1, o (8)
{l-I:IO (22 + 1)} (zzk _ 1) N )

By Theorem 5, Ordy(n x py) = 2. By (8), n x py is an absolute Mobius 4-gonal convex shape number.
This completes the proof of Lemma 7. O

Lemma 8. Let p1, p2, ..., pr, pr be Fermat primes with py < py < ... < pr < pt.

Thenm = py' -+ p{,“ are absolute Mobius 4-gonal non-convex shape numbers except m € Fo U Fy U .
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Proof. Similar to Lemmas5and 7. O

Proof of Theorem 1 (Main Theorem). It is completed by Remark 6, Theorem 5, Lemmas 3 and 4,
Corollary 4, Remark 8, Lemmas 7 and 8. O

Remark 9. If n are absolute Mobius 3-gonal (triangular) or 4-gonal convex shape numbers then n is the regular
n-gon by Gauss Theorem.

Example 2. The set V3 is {(0,3),(1,2),(2,1),(0,1)}. Thus, a positive integer 3 is an absolute Mibius
3-gonal convex shape number.

Similarly, 15, 255, 65535, 4294967295 are absolute Mobius 3-gonal convex numbers derived from

Vis ={(0,15),(1,8),(2,1),(0,1)},
Vass = {(0,255),(1,128),(2,1),(0,1)},

Vessas = {(0,65535), (1,32768), (2,1),(0,1)},

Viosoe7205 = {(0,4294967295), (1,2147483648), (2,1), (0,1)}.

Remark 10. Let Min(m) denote the minimal number of m-gonal number. By using Maple 13 Program, Table 7
shows us minimal numbers Min(m) about from 3-gonal (triangular) to 14-gonal shape number.

Table 7. Values of Min(m).

m Min(m) PrimeorNot m  Min(m) PrimeorNot
3 2 prime 9 719 prime
4 5 prime 10 1439 prime
5 7 prime 11 2879 prime
6 23 prime 12 34,549 prime
7 47 prime 13 138,197 prime
8 283 prime 14 1,266,767 prime

Conjecture 1. For any positive integer m (> 3), Min(m) is a prime integer.
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U.S. and S.I. Also, the introduction, body and conclusion sections are written by D.K., U.S. and S.I. The authors
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Appendix A. Values of U(n)

Table Al. Values of U(n) (1 <n < 100).

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
um) 1 1 2 1 4 2 6 1 2 4 10 2 12 6 8 1 16 2 18 4
n 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40
(n) 12 10 22 2 4 12 2 6 28 8 30 1 20 16 24 2 36 18 24 4

o

n 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60
(n) 40 12 42 10 8 22 46 2 6 4 32 12 52 2 40 6 36 28 58 8
n 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80
n) 60 30 12 1 48 20 66 16 44 24 70 2 72 36 8 18 60 24 78 4
n 81 8 8 84 8 8 87 8 8 90 91 92 93 94 95 96 97 98 99 100
Umn) 2 40 8 12 64 42 56 10 8 8 72 22 60 46 72 2 9% 6 20 4

<

o

Appendix B. Values of n = kalpz...Pi, u(n), (n)

Table A2. Values of n = 2Kpypy...p;, U (1), ¢(n) with Ordy (1) = 2.

n u@m  gn) n um  gn)
3 2 2 40=2%3x5 4=22 16 =24
5 4=22 4 =22 45=32x5 §=2% 24=23x3
6=2x3 2 2 48 =2%x3 2 16 =24
9 =32 2 6=2x3 50 = 2 x 52 4=22 20=2%x5
10=2x5 4=22 4 =22 51=3x17 32=2° 32=2°
12=22x3 2 4 =22 54 =2 x 33 2 18 =2 x 32
15=3x5 8§ =23 8§=23 60=22x3x5 8=2° 16 =24
17 16 =24 16 =24 68=22x17 16=2* 32=2°
18 =2 x 32 2 6=2x3 72 =23 x 32 2 24=23x3
20=2%2x5 4=22 § =23 75 =3 x 52 §=2% 40=2%x5
24=23x3 2 g =23 80 =2%x5 4=22 32=2°
25 = 52 4=22 20=22x5 81 =3¢ 54 =2 x 3°
27 =33 2 18 =2 x 32 85=5x17  64=2° 64 = 26
30=2x3x5 8§=23 § =23 90=2x3>x5 8=2% 24=2%x3
34=2x17 16=2% 16 =24 96 =2°x 3 32=2°
36 =22 x 32 2 12=22x3 100=22x52 4=22 40=23x5
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