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1. Introduction

Lately, proving the existence of a fixed circle or a fixed disk on metric spaces or on a
generalized form of a metric space has been the focus of many researchers (see [1-5]). For
instance, in [1], they proved the existence of a fixed circle for the Caristi-type contraction
on a regular metric spaces. Further, adopting the techniques of the Wardowski contractive
mapping, the authors in [5] were able to prove some interesting fixed-circle theorems.
In [2,3], the existence of a fixed-circle problem was investigated on the three dimensions
of space, the so-called S-metric space. In [6], the authors also proved some new fixed-
circle results for mappings that satisfies the modified Khan-type contraction on S-metric
spaces. Some generalized fixed-circle results with geometric viewpoint were obtained on
Sp-metric spaces and parametric Ny-metric spaces (see [7,8]). Moreover, it was an open
question to study the existence of a fixed circle on extended Mj-metric spaces [9]. Further,
an application of the obtained fixed-circle results was given to discontinuous activation
functions on metric spaces (see [1,4,10]).

One of the most useful tools to show that a fractional differential equation has a
solution is a fixed-point theory, see [11,12]; however, the existence of a fixed point leads us
to conclude that such types of equations have a solution, but in some cases a map has a
fixed point but it is not necessarily unique. So, in a case where we have more than one fixed
point, what can we say about the set of a fixed point? In this manuscript, we are interested
in the type of mapping that the set of fixed points is a disc or a circle. Of course the shape
of a circle or a disc varies from one metric space to another. For our purposes, we study the
existence and uniqueness of fixed circle and disc in double controlled quasi-metric type
spaces. In the next section, we present some preliminaries.

2. Preliminaries

Definition 1 ([13]). Consider the set B # ©. Given non-comparable functions K, L : B x B —
[1,00). fFM : B x B — [0, 00) satisfies

(M1) M(x,v) =0 x=v,

(M2) M(x, v) < K(x, B)M(x, B) +L(B,v)M(B, ),
forall x,v, B € B. Then M is called a double controlled quasi-metric type with the functions K, L
and (B, M) is a double controlled quasi-metric type space.
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Throughout the rest of this manuscript we denote double controlled quasi-metric type
space by (DCQMS).

Example 1 ([13]). Let B = {0,1,2}. Define M : B x B — [0, o) by

= 4,M(0,2) =1,

M(1,2) = 3,
0,M(2,1) =2,

= M(1,1) = M(2,2) = 0.

— — — ~—

Then M is a double controlled quasi-metric type with the functions K,L : B x B — [1,00)
defined as

K(0,1) = K(1,0)=K(1,2)=1,
K(0,2) = ZJ&ZO%:%LKQJ):%%
K(0,0) = K(1,1) =K(22) =1

and
L(0,1) = L(1,0)=L(0,2) =L(1,2) =1,
L(2,0) = ;MZU:%/

F
~~
=
S
=)
NS

I

L(1,1) =L(2,2) = L

Throughout this paper, we denote by R the set of all real numbers, and N represents
the set of all positive integers.

Example 2. Let B = [; be defined by

L= {{wn}n>1 CR: i |@n| < oo}.

n=1

Consider ML : B x B — [0, 00) such that

(@n — ’771)+

[7e

M(y, @) =

n=1

where o™ := max{a,0} denotes the positive part of a number « € R., and @ = {@,} and
7 = {nn} are in B. Further, let K(®@, ) = max{®,n} + 2 and L(@,n) = max{w@,y} + 3.
Note that (B, M) is a (DCQMS) with control functions K, L.

Now, we remind the reader of the topological properties of (DCQMS).

Definition 2. Let (B, M) be a (DCQMS), {®@,} be a sequence in B and @ € B. The sequence
{@n} converges to @ <

J%M(wn,w) = ,}EIJOM(‘D"D") =0. 1)

Remark 1. In a (DCQMS), (B, M), the limit for a convergent sequence is unique. Further, if
@y — @, we have forally € B

lim M(y,17) = M(@,7) and lim M(y, @,) = M(y, @).

In fact, @, — @ and 1, — 1 = M(@y, 1) — M(w, 7).
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Definition 3 ([14]). Let (B, M) be a (DCQMS), and {@,} be a sequence in B. We say that
{@y} is right DCQ-Cauchy <> for every € > 0, there exists a positive integer N = N(e) such that
M(@y, @m) < €foralln > m > N.

Definition 4 ([14]). Let (B, M) be a (DCQMS), and {®@,} be a sequence in B. We say that
{@n} is left DCQ-Cauchy <> for every € > 0, there exists a positive integer N = N(€) such that
M(@y, @m) < eforallm > n > N.

Definition 5. Let (B, M) be a (DCQMS), and {@,, } be a sequence in B. We say that {0, } is
DCQ-Cauchy < for every € > 0, there exists a positive integer N = N (€) such that M(@y, @) <
eforallm,n > N.

Remark 2. A sequence {@,} ina (DCQMS), is DCQ-Cauchy <> it is right DCQ-Cauchy and
left DCQ-Cauchy.

Definition 6 ([15]). Let (B, M) DCQMS.

(1) (B, M) is said left-complete <> each left DCQ-Cauchy sequence in B is convergent.
(2) (B, M) is said right-complete <> each right DCQ-Cauchy sequence in B is convergent.
(3) (B, M) is said complete <> each DCQ-Cauchy sequence in B is convergent.

Remark 3. If M is a DCQMS on B, then M(x,v) = M(v, x) for all x,v € B is another quasi-

metric, called the conjugate of Ml and M (x,v) = max{M(x,v), M(x,v)} forall x,v € B isa
metric on B. Moreover, we have

1. @, =y < limeoM(@ w0,)=0;

2. oy —ye & limoM(@,e,) =0 & lim, 0 M(@,, @) = 0.

Further, note that

@p =y @ < lim M(w,@,) =0 and lim M(@y,, @) =0
n—o0 n—o0

& @p om @ and @ —p ©.
Hence, @, =y @ implies @, —ys @.

Lemma 1. Let (B,M) be a DCQMS and W : B — B be a self-mapping. Suppose that W is
continuous at @ € B. Then for each sequence {, } in B such that @, — @, we have W, — W,
that is,

lim M(Wo,, Wo) = lim M(Wwo, Wo,) = 0.

n—o0 n—00

3. Main Results

One way to generalize the fixed-point results is to study the geometric properties of
the set of fixed points when we do not have a unique fixed point. Let (B,M) bea DCQMS,
xp € Band r > 0. The upper closed ball of radius r centered xy and the lower closed ball of
radius r centered xg are defined by,

Bt (xp,7r) = {x € B: M(x,x9) <r}

and

B~ (xp,7) = {x € B: M(xg,x) <r},
Next, we present the definitions of a circle and a disc ona DCQMS (B, M): Letr > 0
and xg € B. The circle C%I,r and the disc D%,r are

cM {x € B: M(xg,x) = M(x,x9) =1}

X0,
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and
D%r = BT (xq,7) N B~ (x0,7) = {x € B: M(xp,x) <rand M(x,x) <r}.
Notice that the disc D%,r form a closed ball with respect to the associated metric M®.
That is,

M(xp, x) < rand M(x, xp) < r < max{M(xg, x), M(x,x9)} <r < M°(x,x9) <.
Let (B, M) be a DCQMS and W be a self-mapping on B. Further, let
r=inf{M(x,Wx) | x € B, Wx # x}. ()
3.1. DCQMS-Fy-Contractions

In [16], Wardowski defined a new class of functions as follows.

Definition 7 ([16]). Let IF be the family of all functions F : (0,00) — R such that
(Fy) F is strictly increasing;
(Fy) For each sequence {a, } in (0, c0), the following holds

lima, =0« lim F(a,) = —o0;
n—oo n—oo

(F3) There exists k € (0,1) such that lim a*F(a) = 0.

a—0+t

Next, we presnt the following contractive type of mappings.

Definition 8. Let (B, M) bea DCQMS, W a self-mapping on B and F € F. Then W is said to be
a DCQMS-Fyy-contraction if there exist t > 0 and xg € B such that

M(x, Wx) > 0=t + F(M(x, Wx)) < F(M(xg, x)), (©)]
foreach x € B.
Denote the set of fixed-points of a map W by Fix(W).

Theorem 1. Let (B, M) bea DCQMS, W be a DCQMS-Fy-contraction with xo € B on B and
r defined as in (2). Then we have B~ (xg,r) C Fix(W), in particular W fixes the disc D%,r
Proof. First of all, we show that x is a fixed point of W. Assume that M(xg, Wx() > 0. By
the quasi-Fy-contractive property of W we deduce that

t -+ F(M(xo, Wxp)) < F(M(xo, x0)).

Thus, F(M(xp, Wxp)) < F(0), which leads to a contradiction and that is due to the
fact that F is strictly increasing. Thus, we arrive at Wxg = x.

If r = 0 then we obtain B~ (xo,7) = DY}, = {x} and clearly, W fixes the center of the
disc D%r and the whole disc D%,r'

Letr > 0and x € Bi(xo, r) with Wx # x. By the definition of r, we have r <
M(x, Wx). Hence, by the DCQMS-Fy-contractive property, there exist F € F, t > 0 and

X0 € B such that
t+ F(M(x, Wx)) < F(M(xg,x)) < F(r) < F(M(x, Wx)),

foir all x € B which leads us to a contradiction; therefore, we deduce that Wx = x, hence
B~ (xo,r) C Fix(W), in particular W fixes the disc D%r. O
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Now, we introduce a new rational type contractive condition.

Definition 9. Let (B, M) bea DCQMS, W a self-mapping on B and F € F. Then W is said to be
DCQMS-Fy-rational contraction if there exist t > 0 and xo € B such that

M(x, Wx) > 0 = t + F(M(x, Wx)) < F(MY(xp,x)), (4)

forall x € B, where

iy B M(x, v), M(x, Wx), M(y, Wy),
Mp (x,0) = maxq  M(x,Wx)M(y,Wy) M(xWx)M(y,Wy)
1+M(x,v) 7 14+M(Wx,Wy)

Theorem 2. Let (B, M) bea DCQMS, W a DCQMS-Fy-rational contraction self-mapping with
xo € Bon B, on = xg and r defined as in (2). Then we have B~ (xo,7) C Fix(W), in particular
W fixes the disc Dx0 -
Proof. Suppose that » = 0. So we have B~ (xo,7) = D,(0 » = {x0}. Using the hypothesis
Wxg = x9, W fixes the disc D,IX])II,.

Let r > 0 and x € B~ (xo,r) with Wx # x. By the definition of r, we have r <
M(x, Wx). Because of the DCQMS-Fy-rational contractive property, there exist F € F,
t > 0 and xy € B such that

t+ F(M(x, Wx)) < F(M¥(x0,x)),
for all x € B. Then we obtain

-+ F(M(x, Wx)) < F(My(x,x))

M(xg, x), Ml(x9, Wxq), M(x, Wx),
= F| max{  Mi(xo,Wxo)M(x,Wx) M(xo,Wo)M(x,Wx)

1+M(xg,x) 7 1+M(Wxg,Wx)
< F(max{r,M(x, Wx)}) = F(M(x, Wx)),

a contradiction. Hence it should be Wx = x. Consequently, B (xo, ) C Fix(W), in
particular W fixes the disc D} .. O

X0,

3.2. DCQMS-a-xq-Contractive Type Mappings

First, we present the definition of an x(-contractive mapping in DCQMS.

Definition 10. Let (B, M) bea DCQMS, W a self-mapping on B and 0 < k < 1. Then W is said
to be a DCQMS-xo-contractive mapping if there exist xo € B such that

M(x, Wx) < kM(xg, x), )
for every x € B.

Clearly, x is always a fixed point of W in Definition 10. Now, we show that if W is a
DCQMS-xp-contractive mapping, then Fix(W) contains a disc.

Theorem 3. Let (B, M) bea DCQMS, W a DCQMS-xo-contractive self-mapping with xo € B
on B and r defined as in (2). Then we have B~ (xo,r) C Fix(W), in particular W fixes the
disc D% "

Proof. In the case r = 0, it is clear that B~ (xq,7) = = {xo} is a fixed disc of W.

XOV
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Suppose that r > 0. Let x € B~ (xo, ) be such that Wx # x. By the definition of r, we
have r < M(x, Wx). On the other hand, using the DCQMS-x(-contractive property of W,
we obtain

0 < M(x, Wx) < kM(xg,x) <kr <r,

which leads us to a contradiction. Thus, Wx = x for every x € Bi(xo, r), that s, Bi(xo, r) C
Fix(W). In particular, W fixes the disc D%II,. O

Now, we define the concept of DCQMS-a-xp-contractive self-mappings in quasi-metric
spaces.

Definition 11. Let W be a self mapping on a DCQMS (B, Ml). Then W is said to be a DCQMS-
a-xg-contractive self-mapping if there exist a function « : B x B — (0,00),0 < k < land xy € B
such that

(g, Wx )M (x, Wx) < kM(xg, x), (6)

forall x € B.
We recall a-xp-admissible maps as follows:

Definition 12. Let B be a non-empty set. Given a function a : B x B — (0, 00) and xy € B. Then
W is said to be an a-xg-admissible if for every x € B,

a(xg,x) >1 = a(xy, Wx) > 1.

Theorem 4. Let (B, M) be a DCQMS, W a DCQMS-«-xg-contractive self-mapping with xq €
B on B and r defined as in (2). Assume that W is a-xo-admissible and a(xy,x) > 1 for all
x € B~ (xq, 7). Then we have B~ (xo,r) C Fix(W), in particular W fixes the disc D}}/g,r.
Proof. By the definition of a DCQMS-a-x(-contractive self-mapping, it is easy to see that
Xo is always a fixed point of W; therefore, if r = 0 then we have B~ (xq,7) = D%r = {xo}
and the proof follows.

Suppose that r > 0. Let x € B~ (xo, ) such that Wx # x. By the definition of 7, we
have r < M(x, Wx). On the other hand, we have a(xp, x) > 1. Using the a-xp-admissible
property and the DCQMS-a-xg-contractive property of W, we find

0 < M(x, Wx) < a(xg, Wx)M(x, Wx) < kM(xg,x) < kr <,

which leads us to a contradiction. Thus, B~ (xg,7) C Fix(W), in particular W fixes the
discDM . O

Xo,*

The concept of a DCQMS-Fg;-contractive mapping is defined as follows.

Definition 13. Let (B, M) bea DCQMS, W a self-mapping on B and F € F. Then W is called a
DCQMS-F{j-contraction if there exist t > 0, a function o : B x B — (0,00) and xo € B such that

M(x, Wx) > 0 =t + a(xg, Wx)F(M(x, Wx)) < F(M(xg, x)), (7)
forall x € B.

Theorem 5. Let (B, M) be a DCQMS, W a DCQMS-Fj-contractive self-mapping with xo € B
and r defined as in (2). Suppose that W is a-xq-admissible and a(xo,x) > 1 for all x € B~ (xq, ).
Then we have B~ (xo,r) € Fix(W), in particular W fixes the disc D%,r.
Proof. At first, using the DCQMS-Fy-contractive property, one can easily deduce that
Waxg = xo. Hence we have B~ (xo,7) = D} = {x} if r = 0. Clearly, W fixes the disc D}!

xXo,r
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Assume thatr > 0. Let x € Bi(xo, r) where Wx # x; therefore, by the definition of 7,
we have r < M(x, Wx). On the other hand, we have a(xg, x) > 1 and W is a-xg-admissible.
So, using the DCQMS-F;-contractive property of W, we deduce

F(M(x, Wx)) < t+ a(xg, Wx)F(M(x, Wx)) < F(M(xg,x)) < F(r) < F(M(x, Wx)).

Thus, by the fact that F is strictly increasing and ¢ > 0 we come to a contradiction.
Hence, we have B~ (xq,r) C Fix(T), in particular W fixes the disc D} ,. [

X0,

Definition 14. Let (B, M) be a DCQMS, W a self-mapping on B and F € F. Then W is called a
Cirié-type DCQMS-Fyg-contraction if there exist t > 0 and xo € B such that

M(x, Wx) > 0 = t + a(xo, Wx)F(M(x, Wx)) < F(MM(xp, x)), 8)

forall x € B, where

M M
MM (x,v) = max{M(x,v),M(x, Wx), M(y, Wy), (x, Wy) er (y, W) } )
Proposition 1. Let (B, M) be a DCQMS. If W is a Cirié-type DCQMS-Fy-contraction with

xo € B such that a(xy, Wxg) > 1, then we have Wxg = x.

Proof. Assume that Wxq # xo. From the definition of a Ciri¢-type DCQMS-Fyy-contraction,
we obtain
M(xo, Wxg) > 0= t+ a(xo, Wxo)F(M(xo, Wxp)) < F(M¥(x0,x0))
M(xo, x0), Ml(x9, Wxq), M(x9, Wxy),
£ <max{ (xo, x0), Mi(xo, Wxo ), M(xo, Wxo) })

M(XO,WXO)+M(XO,WXO)
2

= F(M(Xo, WXO)),
which is a contradiction since t > 0. Then we have Wxy = xo. O

Theorem 6. Let (B, M) be a DCQMS, W a Cirié-type DCQMS-Fy-contraction with xg € B
and r defined as in (2). Assume that W is a-xo-admissible and if for every x € D%[/,, we have
M(xo, Wx) < r. Then W fixes the disc D%I,,.
Proof. If r = 0, clearly DY! . = {xo} is a fixed-disc (point) by Proposition 1.

Assume that r > 0. Let x € D%r. By the definition of r, we have M(x, Wx) > r.

So using the Ciri¢-type DCQMS-Fy-contractive property and the fact that W is a-xo-
admissible and F is increasing, we obtain

F(M(x,Wx)) < a(xo, Wx)F(M(x, Wx)) +t < F(MX(xo, %))

= F(max{M(xO, x), Mi(xg, Wxg), M(x, Wx), M(xp, Wx) + M(x, Wxg) })

2
< F(max{r,M(x, Wx),0,r}) < F(M(x, Wx)),

which leads to a contradiction. Therefore, M(x, Wx) = 0 and so Wx = x. Hence, W fixes
the disc D%J. O

3.3. DCQMS-a-¢-x¢-Contractive Type Mappings

At first, we recall the notion of (c¢)-comparison functions [17] (see also [18]).

Definition 15 ([17]). A function ¢ : R — R is called a (c)-comparison function if
(i)g @ is increasing;
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[e¢]
(if)y There exist ko € N, a € (0,1) and a convergent series of nonnegative terms kz Uy
=1
such that

¢I() < agh(t) +up,
fork > koandanyt € R,.

The class of (c)-comparison functions will be denoted by ¥..

Lemma 2 ([17]). If ¢ : Ry — Ry is a (c)-comparison function, then the followings hold:
(i) @ is a comparison function;
(ii) o(t) < tforanyt € Ry;
(iii) ¢ is continuous at 0;
(

[e 0]
iv) the series Y ¢*(t) converges for any t € R
k=0

Next, we introduce two new contractions and obtain two new fixed-disc theorems
as follows:

Definition 16. Let (B, M) be a DCQMS and W a self-mapping on B. Then W is said to be a
DCQMS-a-¢-xg-contraction if there exist & : B x B — (0, 00), ¢ € Y. and xg € B such that

M(x, Wx) > 0 = a(xo, Wx)M(x, Wx) < ¢(M(xp, Wx)),
foreach x € B.

Theorem 7. Let (B, M) bea DCQMS, W a DCQMS-a-¢-xp-contractive self-mapping with xq €
B and r defined as in (2). Assume that W is a-xq-admissible. If (xo, x) > 1for x € B~ (xo, r) and
0 < M(xo, Wx) < rfor x € B~(xo,7) — {xo}, then we have B~ (xq,7) C Fix(W), in particular
W fixes the disc D%/r.
Proof. Using the DCQMS-x-¢-xg-contractive property, we have Wxy = xp. Indeed, we
assume Wxg # x, that is, M[(xg, Wxg) > 0. Then using the condition (ii) in Lemma 2 and
a-xg-admissibility, we obtain

a(xp, Waxo)M (x0, Wxg) < @(M(x0, Wxg)) < M(xo, Wxy),

a contradiction. Thus, Wxy = xp.
Suppose that 7 = 0. In this case, B~ (xq,7) = D%,r = {x0} and the proof follows.
Now we suppose that ¥ > 0 and x € B~ (xo,7) — {x0} such that x # Wx. Using the
definition of , we have r < M(x, Wx). By the hypothesis, we known «a(xp, x) > 1. From

the DCQMS-x-¢-xg-contractive property and a-xp-admissibility, we obtain

a(xo, Wx )M (x, Wx) < @(M(xo, Wx)) < M(xo, Wx) <7,

a contradiction. Therefore, Wx = x, thatis, B—(xg,r) C Fix(W), in particular W fixes the
discDM . O

Xo,r*

Next, we define the following new contraction.

Definition 17. Let (B, M) be a DCQMS and W a self-mapping on B. Then W is said to be a
Cirié-type DCQMS-a-@-xo-contraction if there exist a : B x B — (0,00), ¢ € Yo and xg € B
such that

M(x, Wx) > 0 = a(xo, Wx)M(x, Wx) < (p(Mgﬂ(xo,x)),

foreach x € B.
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Theorem 8. Let (B, M) bea DCQMS, W a Cirié-type DCQMS-a-@-xo-contractive self-mapping
with xo € B and r defined as in (2). Assume that W is a-xo-admissible. If a(xg,x) > 1 and
M(xp, Wx) <rforx € D%,,, then W fixes the disc D%r.

Proof. Using the hypothesis, we have Wxy = xy. Indeed, we assume Wxy # xp, that
is, Mi(xp, Wxg) > 0. Then using the condition (ii) in Lemma 2 and x-xp-admissibility,
we obtain

M(XO, xo),M(xO, WXO),M(X(), WXO),
MéM(xO’ xo) = max{ M(XO,WXO)-‘rM(XO,WxO) = I\AI(XOI on)
2

and
a(x0, Wxg)M (xg, Wxp) < (p(Mgﬂ(xo, xo)) < M(xp, Wxg),

a contradiction. It should be Wxy = xp.
Let r = 0. In this case, we have D} | = {xo}.

Now we suppose that r > 0 and x € D%r — {xo} such that x # Wx. Using the

definition of 7, we have r < M(x, Wx). By the hypothesis, we known a(xg, x) > 1. By the
Ciri¢-type DCQMS-a-¢-xo-contractive property and a-xg-admissibility, we obtain

M(xg, x), M(xg, Wxg), M(x, Wx),
Mlgﬂ(xof x) = max{ M (x9, W) +M(x,Wxg) < M(x/ Wx)
2

and
a(xo, Wx)M(x, Wx) < (p(Mg/H(x, xo)> < M(x, Wx),

a contradiction. Therefore, Wx = x, that is, D%m is a fixed discof W. [

3.4. DCQMS-a-p-¢p-xo-Contractive Type Mappings

We recall the notion of an altering distance function.

Definition 18 ([19]). A function i : [0,00) — [0, 00) is called an altering distance function if the
followings hold:

(i) ¢ is continuous and nondecreasing;

(ii) p(t) =0 &=t =0.

Using this definition, we present two new contractive conditions and two new fixed-
disc results.

Definition 19. Let (B, M) be a DCQMS and W a self-mapping on B. Then W is said to be a
DCQMS-a-yp-@-xo-contraction if there exist « : B x B — (0, c0), two altering distance functions
Y, ¢ and xo € B such that

M(x, Wx) > 0 = a(xo, Wx)yp(M(x, Wx)) < ip(M(xp,x)) — ¢(M(xp, x)),
foreach x € B.

Theorem 9. Let (B, M) bea DCQMS, W a DCQMS-a-p-¢-xg-contractive self-mapping with
xo € B and r defined as in (2). Assume that W is a-xg-admissible. If a(xo, x) > 1 for x €
B~ (xq,7), then we have B~ (xo,7) C Fix(W), in particular W fixes the disc D!

Xo,7*
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Proof. Using the DCQMS-a-1-¢-xg-contractive property, we have Wxy = xp. Indeed, we
assume Wx( # xo, that is, M(xp, Wxp) > 0. Then using the condition (ii) in Definition 18
and a-xp-admissibility, we obtain

a(xo, Wxo)p(M(xo, Wxp)) < p(M(xo,x0)) — ¢(M(x0,%0))
= 9(0) —¢(0) =0,

a contradiction. It should be Wxy = x.

Suppose that = 0. In this case, we obtain B~ (xo,7) = D%I,, = {xp}.

Now, we suppose that 7 > 0 and x € B~ (xg,7) — {xo} such that x # Wx. Using the
definition of r, we have r < M(x, Wx). By the hypothesis, we know a(xg,x) > 1. By the
DCQMS-a-1p-p-xp-contractive property and a-xg-admissibility, we obtain

a(xo, Wx)ip(M(x, Wx)) - < p(M(xo, %)) — ¢(M(xo, %))
= ) —o(r) <y(),

a contradiction. Therefore Wx = x, that is, B~ (xg,7) C Fix(W). In particular, W fixes the
disc DM . O

X0

Definition 20. Let (B,M) be a DCQMS and W a self-mapping on B. Then W is said to be a
Cirié-type DCQMS-a-1p--xo-contraction if there exist o : B x B — (0, 00), two altering distance
functions , ¢ and xo € B such that

M(x, Wx) > 0 = a(xo, Wx)p(M(x, Wx)) < 1/J<M¥H(xo,x)> - qo(M(N:/H(xO,x)),
for each x € B.

Theorem 10. Let (B, M) be a DCQMS, W a Cirié-type DCQMS-a-1h-¢-xo-contractive self-
mapping with xy € B and r defined as in (2). Assume that W is a-xg-admissible. If a(xp, x) > 1
and M(xo, Wx) <r forx € D%m then W fixes the disc DM

X0

Proof. Using the hypothesis, we have Wxy = x(. Indeed, we assume Wxg # xo, that is,
M(xp, Wxg) > 0 and we obtain

(o, Wao)p (M(x0, Wxo)) < (MY (x0,%0)) — o (ME (0, 0))
= P(M(xo, Wxo)) — ¢(M(xo, Wxo))
< IIJ(M(X(),WXO)),

a contradiction. It should be Wxy = xg.

Let r = 0. In this case, we have D}! = {x} and the proof follows.

Now, we suppose that r > 0 and x € DY, — {x0} such that x # Wx. Using the
definition of r, we have r < M(x, Wx). By the hypothesis, we know that a(xg, x) > 1. From
the Ciri¢-type DCQMS-a-1h-¢-xg-contractive property and a-xo-admissibility, we obtain

a(xo, Wx)p(M(x, Wx)) < ¢(ME(x0,%)) — o(M¥ (x0,x))
< P(M(x, Wx)),
a contradiction; therefore, Wx = x, that is, D%r is a fixed disc of W. O

4. An Application: A Common Fixed-Disc Theorem
Let (B, M) bea DCQMS, W, S : B — B be two self-mappings and DM be a disc on B.

Xo,"
If Wx =Sx =xforall x € D%,W then the disc D%I,, is called the common fixed disc of the
pair (W, S).

Following [20,21], we present the following.
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M%,S(x, v) = max{M(Wx, Sy), M(Wx, Sx), M(Wy, Sy), M(Wx, Sy) —; M(Wy, 5x) }

To obtain a common fixed-disc theorem, we define the following number:
M = inf{M(Wx, Sx) : x € B, Wx # Sx}.

In the following theorem, we use the numbers M{VMN;,S (x,v), r which is defined in (2),
#M and p defined by
o = min{r, yM}.

Theorem 11. Let (B,M) be a DCQMS, W,S : B — B two self-mappings and W an a-xo-
admissible map. Assume that there exist F € I, t > 0 and xoy € B such that

M(Wx, Sx) > 0 = t + a(xo, Wx)F(M(Wx, Sx)) < F(Myj 5(x, x0)),
for each x € B and
a(xp,x) > 1, M(Wx, xo) < p, M(xp, Sx) < p,
for each x € pM If W is a DCQMS-Fy-contraction with xo € B and r and S is an M—Fy-

X0,0°

contraction with xy € B and r), then D%,p is a common fixed disc of the pair (W, S) in B.

Proof. Let x = xg. If M(Wxg, Sxg) > 0 then we have

M(Wxo, Sxg), M(Wxo, Sxq), M(Wxg, Sxo),
My 5(x0, x0) = max{ M{(Wxg,5x0)-+M(Wxg,5x0) = M(Wxo, Sxo)
7

and

t+ IX(X(), WXO>F(M(WXO, SXO)) < F(M%,S(XO, xg)) = F(M(WXO, SXO))
=+ < (1 —a(xo, Wxo))F(M(Wxo, Sxp)),

a contradiction with ¢t > 0; therefore Wxy = Sxy, that is, x¢ is a coincidence point of the pair
(W, S). If W is a M— Fy-contraction (or S is a M— Fy-contraction) then using Theorem 1,
we have Wxy = xq (or Sxg = xg) and hence Wxg = Sxg = xp.

Now if p = 0, then clearly Dﬁ/g/p = {x0} and this disc is a common fixed disc of the
pair (W, S).

Letp > 0and x € D%I,p. Assume that Wx # Sx, that is, M(Wx, Sx) > 0. Using the
hypothesis, a-xp-admissibility of W and the definition of p, we obtain

M(Wx, Sxg) + M(Wxg, Sx) }
2

My s(x,x0) = max{M(Wx,Sxo),M(Wx,Sx),M(WxO,SxO),

= max{M(Wx, xo), M(Wx, Sx), MI(W, o) + Mi(xo, Sx) }

2
< M(Wx, Sx)

and so

t+ a(xg, Wx)F(M(Wx, Sx)) < F(M%,S(x, x9)) < F(M(Wx, Sx))
= < (1—a(xg, Wx))F(M(Wx, Sx)),

a contradiction with ¢ > 0. We have found that x is a coincidence point of the pair (W, S),
thatis, Wx = Sx. If W (or S) is a Ml— Fyg-contraction, then by Theorem 1, we have Wx = x
(or Sx = x) andhence Wx = Sx = x. Consequently, D%P is a common fixed disc of the pair
(W,s). O
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We give an illustrative example.

Example 3. Let B = (—co0,00) and forall x,y € B let M(x,y) = |x —y| if x € (0,1)
and M(0,1) =1, M(1,0) = 2. Next, let K(x,y) = max{x,y} + 2 and L(x,y) = max{x,y} +
3. 1t is not difficult to see that (B, M) is a DCQMS. Now, define the self-mappings W : B — B

and S : B — Bas
% if xe{-1,1}

Wx = x if xe(-1,1) ,
x+2 otherwise
and )
Il if xe{-1,1}
Sx = x if xe€(-1,1) ,

x+1 otherwise

forall x € B. Define a(x,y) = el*~Y\. First of all, note that both mappings W, S are a-0-admissible.
Moreover, the pair of the self-mappings (W, S) satisfy the following condition

M(Wx, Sx) > 0 = t + (0, Wx)F(M(Wx, Sx)) < F(Mij 5(x,0)),

with F = Inx, t = ln% and xg = 0. Now, it is not difficult to see that all the hypothesis of
Theorem 11, are satisfied. Hence, Dg/’ﬂl is a common fixed disk of the pair of mappings (W, S)
as required.

5. Conclusions

We have proved the existence of a fixed disk for self mappings in DCQMS that satisfy
different types of contractions. We provided an application of our result on common fixed
disk for two self mapping on DCQMS. In closing, we would like to bring to the readers
attention the following question:

Question 1. Under what conditions these types of mappings in DCQMS have a unique fixed disk?
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