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GEOMETRIC PROPERTIES OF FIXED POINTS AND
SIMULATION FUNCTIONS

NIHAL OZGUR* AND NIHAL TAS

ABSTRACT. Geometric properties of the fixed point set Fiz:(f) of a self-mapping
f on a metric or a generalized metric space is an attractive issue. The set Fix(f)
can contain a geometric figure (a circle, an ellipse, etc.) or it can be a geometric
figure. In this paper, we consider the set of simulation functions for geometric
applications in the fixed point theory both on metric and some generalized met-
ric spaces (S-metric spaces and b-metric spaces). The main motivation of this
paper is to investigate the geometric properties of non unique fixed points of

self-mappings via simulation functions.

1. Introduction

Recently, the set of simulation functions defined in [7] has been used for the
solutions of many recent problems such as fixed-circle problem (resp. fixed-disc
problem) and Rhoades’ open problem on discontinuity (see [11, 18, 21]). On the
other hand, simulation functions have been studied by various aspects in metric
fixed-point theory (see for example [2, 6, 7, 8, 13, 22, 23]). For example, in [13],
Olgun et al. gave a new class of Picard operators on complete metric spaces
via simulation functions. Simulation functions have been used to study the best
proximity points in metric spaces. For example, Kosti¢ et al. presented several
best proximity point results involving simulation functions (for more details see
[6, 8] and the references therein).

In [22], the set of simulation functions has been enlarged by A. F. Roldén-Lépez-
de-Hierro et al. Every simulation function in the original Khojasteh et al.’s sense
is also a simulation function in A. F. Roldan-Lépez-de-Hierro et al.’s sense but the
converse is not true (see [22] for more details). In this paper, we focus on the set
of simulation functions in both sense and using their properties, we consider some
recent problems in fixed-point theory.
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Recall that the function ¢ : [0,00) x [0,00) — R is said to be a simulation
function in the Khojasteh et al.’s sense, if the following hold:

(€1) €(0,0) =0,

(C2) ((t,s) < s—tforalls,t>0,

(Cs3) If {tn}, {sn} are sequences in (0, 00) such that

limt¢, = lims, > 0,
n—o0 n— o0

then
lim sup( (¢, sn) < 0.

n—oo

The set of all the simulation functions is denoted by Z (see [2] and [7] for more
details).

In [22], Roldan-Lépez-de-Hierro et al. modified this definition of simulation
functions and so enlarged the family of all simulation functions. To do this, only
the condition ((3) was replaced by the following condition ((3)* as follows:

(C3)* If {t,.}, {sn} are sequences in (0, 00) such that

limt, = lims, >0
n—oo n—o0

and

t, < s, foralln € N,

then
lim sup( (,,, s,) < 0.

n—oo

Every simulation function in the Khojasteh et al.’s sense is also a simulation
function in the Roldan-Lépez-de-Hierro et al.’s sense, the converse is not true (for
example see Example 3.3 in [22]). In applications of the simulation functions to
the study of discontinuity problem and the geometric study of the non unique fixed
points of self-mappings, the condition ({3) is not used. So, both definitions of the
simulation functions and examples can be used to study such kind applications.

Some examples of simulation functions ¢ : [0, 00) X [0,00) — R are

1) ¢(t,s) = As — t, where X € [0, 1),

2) ¢(t,
(

s) = s—p(s) —t, where ¢ : [0,00) — [0, 00) is a continuous function such

that ¢(t) = 0 if and only if t = 0,

3) C(t,s) = sp(s) —t, where ¢ : [0,00) — [0,1) is a mapping such that
limsup ¢(t) < 1 for all 7 > 0,

t—rt

4) ((t,s) = n(s) —t, where ¢ : [0,00) — [0,00) be an upper semi-continuous
mapping such that n(t) < ¢ for all ¢ > 0 and 7(0) = 0,
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t t

5) ¢(t,s) = s— [ (t)dt, where ¢ : [0,00) — [0, 1) is a function such that [ ¢(t)dt
0 0

exists and [ ¢(u)du > € for each € > 0.
0

The main motivation of this paper is the study of the geometric properties of
the fixed point set of a self-mapping in the non unique fixed point case. There
are some examples of self-mappings where the fixed point set of the self-mapping
contains a geometric figure such as a circle, a disc or an ellipse. For example, let us
consider the metric space (C,d) with the metric defined for the complex numbers
z1 = o1 + 1y and 2o = x5 + 1yo as follows:

d(z1,22) = \/w +4 (g1 —y2)°,

where d is the metric induced by the norm function ||z|| = ||z + iy| = %2 + 4y2.

Consider the circle Cp; and define the self-mapping g on C by

“ ;i 22>20,y>00rz <0,y <0
z = ’
! m ; ¢ <0,y>0o0rz>0y<0

for each z = x + iy € C, where Z = x — iy is the complex conjugate of z. Then, it
is easy to verify that the fixed point set of g contains the circle Cj 1, that is, Cy; is
a fixed circle of g. We use the notion of “inversion in an ellipse” to construct this
self-mapping (see Proposition 1 given in [25]).

There are several papers for the cases a fixed circle and a fixed disc (see [1, 10,
12,17, 18, 19, 20, 24, 28] and the references therein). The fixed ellipse case is also
considered in the recent studies [3] and [5]. In [3], the cases a fixed Apollonius circle,
fixed hyperbola and fixed Cassini curve are considered extensively on metric and
some generalized metric spaces. Therefore, the study of geometric properties of the
fixed point set of a self-mapping seems to be an interesting problem in case where
the fixed point is non unique. In this paper, we study on the geometric properties
of the fixed point set of a self-mapping via simulation functions on metric (resp.
S-metric and b-metric) spaces. The relationships among a metric, an S-metric and
a b-metric are well known, so we refer the reader to [14], [26] and [27] for more
details.

2. Simulation functions and the geometry of fixed points

In this section, we study on geometric properties of the fixed point set Fiz(f) =
{z € X : fo =z} for a self-mapping f of a metric (resp. S-metric, b-metric) space.
The set of simulation functions has been used in [11], [18] and [21] to obtain new
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results on the fixed-circle (resp. fixed-disc) problem. In [21], together with some
properties of simulation functions, the numbers M (x,y) and p defined by

d —a)d
B oy

p=inf{d(x, fr):x# fr,x € X}, (2.2)

and an auxiliary function ¢ : RT — RY satisfying ¢(t) < t for each ¢t > 0, were
used to get new fixed-circle (resp. fixed-disc) results. Using these numbers and an
auxiliary function, we present new results on the geometric study of the fixed point
set of a self-mapping.

2.1. Geometric study of fixed points on metric spaces. Let (X,d) be a
metric space and f : X — X be a self-mapping. First, we recall that the circle
Cirop = {x € X 1 d(z,20) = p} (resp. the disc D,,, = {z € X : d(x,z0) < p}) is
a fixed circle (resp. a fixed disc) of f if fo = x for all x € C,,, (resp. for all
x € Dy, ,) (see [17], [18]). More generally, a geometric figure F (a circle, an ellipse,
a hyperbola, a Cassini curve etc.) contained in the fixed point set Fiiz (f) is called
a fized figure (a fixed circle, a fixed ellipse, a fixed hyperbola, a fixed Cassini curve,
etc.) of the self-mapping f.
Let E,.(x1,22) be the ellipse defined as

E.(x1,29) ={x € X :d(z,21) +d(x,25) =1}.
Clearly, we have
r=0= 2y =29 and ET(LUDSL’Q) = le,r = {1’1} .

Now, we use the set of simulation functions and the number p to obtain some
results for the case where the fixed point set Fiz(f) contains an ellipse or an ellipse
with its interior.

Theorem 2.1. Let (X, d) be a metric space, f: X — X be a self-mapping, ( € Z
be a simulation function and the number p be defined as in (2.2). If there exist
some points x1,To € X such that

(a) For all x € E,(x1,x2), there exists §(p) > 0 satisfying

p < M(z, 1) + M(z,29) < g +0(p) = d(fx,z1) +d(fz,x2) < p,

(b) For all x € X,

d(fx,z) > 0= ((d(fz,x), M(xz,21)) >0 and ¢ (d(fz,x), M(x,x9)) >0,
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(¢) Forallz € X,

d(fr.2)>0—> ¢ (d(f:c,x), d(x,xz1) + d(fz,xq) —gd(fﬁ,flfg) +d(f:c,x2)) >0,

then fry = a1, fag = xy and Fiz(f) contains the ellipse E,(x1,z2).
Proof. We have
M(z1,21) = d(fzy,21) and M (x9, x2) = d(fxs, z2).

First, we show that fr; = z; and fxy = zo. If frx; # 21 and fxy # x5 then
d(fry,x1) > 0 and d(fxe, z2) > 0. Using the condition ({3), we find

Cld(fry,21), M(21,21)) = ((d(frr,21),d(fr1,71))
< d(fflfl,l’l) — d(fxl,xl) =0

and

C(d(fxo, 2), M(22,29)) = ((d(frz,22),d(fr2,72))
< d(fxe,w2) — d(fre,29) = 0,

which are contradictions with the condition (b). Hence it should be fz; = z; and
fro = xo.

If p =0, then we have E,(z1,29) = C,, , = {z1} and z1 = 2. Hence, the proof
is completed.

Now we assume p # 0. Let x € E,(x1,22) be any point such that fx # z. Then
d(z, fxr) > 0 and we have

d(z, 1) + d(, f:):)}

M (z,x;) = max {ad(z, fx), (1 —a)d(x, fr), 5

and

d(z,r3) + d(x2, fx) } .

M (zx, x9) = max {ad(:z, fx), (1 —a)d(zx, fr), 5

Using the condition (a), we get

oI

< M(z,21) + M(z, 25) < g 1 8(p) = d(fz,z1) +d(fz,z2) < p.  (2.3)
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Now, using the inequality (2.3) and the conditions (c¢), ({3), we obtain

0 < ¢ (d(f:):,x), d(z,z1) + d(fx,2,) —QF d(fx,xy) +d(x, 9;2))

d(l’,l’l) + d(fl’,!lfl) + d(f!lf,l’g) + d(l’,[lj’Q) —d

: (fr.2)

_d(x, 1) +d(z, ) " d(fz, @) +d(fz,z5) d(fz, )

2 2
p P B

< B + B —d(fx,x) =p—d(fz,z)

and hence
d(fz,x) < p.

This is a contradiction by the definition of the number p. Because of this contra-
diction, it should be fz = x. Consequently, we have E,(x1,22) C Fiz(f). d

Remark 2.1. If 21 = xy then we have E,(x1,29) = C,, ¢ and Theorem 2.1 is

T1,5

reduced to a fixed-circle theorem as follows:

Theorem 2.2. Let (X, d) be a metric space, f: X — X be a self-mapping, ( € Z
be a simulation function and the number p be defined as in (2.2). If there exists
some point xg € X such that

(a) For all x € Cy, ,, there exists §(p) > 0 satisfying

P< M(z,xq) < g +3(p) = d(fz,z0) < p,
(b) For all x € X,
d(fz,z) > 0= ((d(fx,z), M(x,z0)) >0,
then fxg = x¢ and the set Fix(f) contains the circle Cy, ,.

Proof. The proof follows by Theorem 2.1 and Remark 2.1. O

Example 2.1. Let X = {-3,—1,1,3,12,18} with the metric d(x,y) = |z —y|.
Define the self-mapping [+ X — X by

fo = r+6 r =12
r , xe{-3,-1,1,3,18}

Then the self-mapping f satisfies the conditions of Theorem 2.1 for the points
x1 = —1 and x5 = 1 and the simulation function ((t,s) = %s —t. Indeed, we have

p=min{d(z, fr):x € X,z # fz} =6

and
Es(—1,1) = {-3,3}.
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For all x € Eg(—1,1), there exists 6(p) =4 > 0 satisfying
3< M(z,—1) + M(3,1) < 3+ 4 = d(fz,—1) +d(fz,1) = 6 < p,

hence the condition (a) is satisfied.
For x = 12, we have d(z, fx) # 0, M(12,—1) = 16, M(12,1) = 14 and so, we
obtain

Cd(fw ), M(r,2)) = C(6,16)= 3 ~6
= 2>0
and
14
((d(fx,x),M(x,x2)) = C(67 14) = 9 6
= 1>0.

This shows that the condition (b) is also satisfied by f.
Since we have d(x, fz) > 0 for x = 12, we find

C(d(fx7x>’d(zaxl)+d(fzaxl)_gd(fx>$2)+d(zax2)) — C(6730>
30
= 5 -6=9>0,

hence the condition (c) is satisfied.

Clearly, we have Fix(f) = {—3,—1,1,3,18} and the ellipse Eg(—1,1) = {—3,3}
is contained in the set Fix(f). That is, the ellipse Eg(—1,1) is a fized ellipse of
the self-mapping f.

On the other hand, it is easy to check that the self-mapping f satisfies the con-
ditions of Theorem 2.2 for the point xo = 3 and the simulation function ((t,s) =
2s —t. Clearly, the set Fiz(f) contains the circle Cyg = {—3}.

Definition 2.1. Let ( € Z be any simulation function. The self-mapping f is
said to be a Zg-contraction with respect to C if there exist x1,x9 € X such that the
following condition holds for all x € X :

d(fx,z) > 0= C(d(fx,x),d(fr,z,)+d(fx,x3)) >0

If fis a Zg-contraction with respect to (, then we have
d(fx,x) < d(fx,xl)—l-d(fx,xg), (24)

for all x € X with fz # zy or fo # xo. Indeed, if fo = x then the inequality
(2.4) is satisfied trivially. If fx # = then d(fz,z) > 0 and by the definition of a
Zp-contraction and the condition ((3), we obtain

0 < ¢(d(fz,z),d(fr,21) + d(fr,x2)) < d(fr,21) + d(fr, 22) —d(fr, z)
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and so Equation (2.4) is satisfied.
Now we give the following theorem.

Theorem 2.3. Let f be a Zg-contraction with respect to ¢ with x1,x9 € X and
consider the set

Ey(x1,22) ={x € X : d(x,21) + d (v,22) < p}.

If the condition 0 < d(fx,z1)+d(fz,z2) < p holds for all x € E (21, x2) — {1, 22}
then Fix(f) contains the set E,(xy,zs).

Proof. If p = 0, then we have E,(x1,72) = D,, , = {#;} and this theorem coincides
with Theorem 2.2 in [18]. In this case, we have fz; = z1. Assume that p # 0. If
Ty = x9 then E,(z1,15) = Dmvg and again this case is reduced to Theorem 2.2 in
[18].

Assume that x; # x5 and let z € Ep(atl,atg) be such that fz # x. By the
definition of p, we have 0 < p < d(z, fz) and using the condition ({3) we find

C(d(fl’,l’),d(fl’,l’l)+d(fl’,l’2)) < d(fl’,l’l)+d(fl’,l'2)—d(fl',l’)
< p—d(fr,x) <p—p=0,

a contradiction with the Zg-contractive property of f. This contradiction leads
fr =z, so the set Fiz(f) contains the set E,(z1, x2). O

Example 2.2. Let us consider the self-mapping f defined in Example 2.1. f is an

1

58—t with the points v1 = —1 and x5 = 1.

Zp-contraction with respect to ((t,s) =
Indeed, we get

Cld(fz,x), d(fz,x1) + d(fr,22)) = ((6,19+17) = ((6,306)

36
5 6 >0,

for x =12 with d(fx,xz) > 0. Also we have,

for all z € Eg(—1,1) — {—1,1}. Therefore, f satisfies the conditions of Theorem
2.5. Notice that the set Fix(f) contains the set Eg(—1,1) = {-3,—1,1,3}.

Let r € [0,00). Now we give a fixed-circle theorem using the auxiliary function
o, : RTU{0} — R defined by

u—r ; u>0
r(u) = 7 , 2.5
or (1) { 0 w0 (25)

for all w € RT U {0} (see [15]).
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Theorem 2.4. Let (X,d) be a metric space, ( € Z be a simulation function and
Cyor be any circle on X. If there exists a self-mapping f: X — X satisfying

i) d(zo, fx) =1 for each x € Cyy .,

it) C(r,d(fx, fy)) >0 for each x,y € Cy,, with x # y,

i) C(d(fx, fy),d(z,y) — ¢ (d(z, fz))) =2 0 for each x,y € Crypr,

iv) f is one to one on the circle Cy, .,
then the circle Cy, » is a fized circle of f.

Proof. Let x € C,, , be an arbitrary point. By the condition (7), we have d (x¢, fx) =
r, that is, fx € Cy,,. Now we show that fr = z for all x € C,,,. Conversely,
assume that x # fx for any € C,,,. Then we have d (z, fz) > 0 and using the
conditions (i7), (iv) and ((3), we get

0<¢(rd(fz, fPx)) <d(fz, fPz) —r
and so
r<d (f:B, f2x) ) (2.6)

Using the definition of the function ¢, and the conditions (iii), (iv) and ((z), we
obtain

0 < C(d(fr. ). d(x.fo) — g (d (@ o)) = C (d (o /) .d (a, f) — (d (2. f2) ~ 7))
= C(d (fa:, f2x) ,r) <r-— d(fx, f2x)
and hence
d (f:B, f2x) <r,

which is a contradiction with the inequality (2.6). Therefore it should be fz = x
for each x € C, . Consequently, C,, , is a fixed circle of f. O

Remark 2.2. If we consider the self-mapping f defined in FExample 2.1, it is easy
to verify that f satisfies the conditions of Theorem 2.1 and Theorem 2.3 for the
ellipse Fg(—3,3) = {—3,—1,1,3} with the simulation function ((t,s) = %s —t.
This shows that the fized ellipse is not unique for the number p defined in (2.2).
On the other hand, the fized point set Fix(f) ={—3,—1,1,3,18} contains also the
ellipses E4(—3,1) = {—3,—1,1} and E4(—1,3) = {—1,1,3} other than the ellipses
Es(—3,3) and Eg(—1,1). We deduce that the number p defined in (2.2) can not

produce all fized ellipses (resp. circles) for a self-mapping f.

This remark shows also that a fixed ellipse may not be unique. Now, we give a
general result which ensure the uniqueness of a fixed geometric figure (for example,
a circle, an Apollonius circle, an ellipse, a hyperbola, etc.) for a self-mapping of a
metric space (X, d).



10 N. OZGUR AND N. TAS

Theorem 2.5. (The uniqueness theorem) Let (X, d) be a metric space, the number
M (x,y) be defined as in (2.1) and f : X — X be a self-mapping. Assume that the
fized point set Fix(f) contains a geometric figure F. If there exists a simulation
function ¢ € Z such that the condition

C(d(fr, fy), M (x,y)) =0 (2.7)

is satisfied by f for allx € F andy € X — F, then the figure F is the unique fized
figure of f.

Proof. Assume that F* is another fixed figure of f. Let x € F, y € F* with x # y
be arbitrary points. Using the inequality (2.7) and the condition ((z), we find

0<C(d(fr, fy), M (z,y)) = ((d(z,y),d(z,y)) <d(x,y) —d(z,y) =0,

a contradiction. Hence, it should be z = y for all x € F, y € F*. This shows the
uniqueness of the fixed figure F of f. O

Now we give a condition which excludes the identity map Iy : X — X defined
by Ix(x) =z for all x € X from the above results.

Theorem 2.6. Let (X, d) be a metric space, f : X — X be a self-mapping and
r € [0,00) be a fixred number. If there exists a simulation function ¢ € Z such that
the condition

d(z, fr) <((d(z, fz), o (d(z, fz)) +7)
is satisfied by f for all x & Fix(f) if and only if f = Ix.

Proof. Let © € X be an arbitrary point with = ¢ Fiz(f). Using (2.5) and the
condition ((y), we find

d(z, fr) < C(d(z, fz), ¢ (d(z, fx)) +71)=C(d (@, fz), (d(z, fx) —r)+7)
= C(d(l’,fl’),d(l’,fﬁ(f)) <d(l’,f:€)-d(l’,f§(f) :O,
a contradiction. Hence, it should be x € Fiz(f) for all z € X, that is, Fiz(f) = X.

This shows that f = Iy. Clearly, the identity map Ix satisfies the condition of the
hypothesis for any simulation function ¢ € Z. O

2.2. Geometric study of fixed points on S-metric and b-metric spaces. At
first, we recall the concept of an S-metric space.

Definition 2.2. [26] Let X be nonempty set and S : X3 — [0,00) be a function
satisfying the following conditions

(1) S(x,y,z) =0 if and only if v =y = z,

(2) S(x,y,z) < S(x,z,a) + S(y,y,a) + S(z, 2, a),
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forall z,y,z,a € X. Then S is called an S-metric on X and the pair (X,S) is
called an S-metric space.

Let (X,d) be a metric space. It is known that the function S; : X® — [0, 00)
defined by
Sa(,y,2) = d(z,2) +d(y,2)
for all z,y,z € X is an S-metric on X [1]. The S-metric S, is called the S-

metric generated by the metric d [14]. For example, let X = R and the function
S: X3 —[0,00) be defined by

S(QE,y,Z>:‘ZC—Z‘+|y—Z‘, (28)
for all z,y,z € R [27]. Then (X,S) is called the usual S-metric space. This
S-metric is generated by the usual metric on R. The main motivation of this
subsection is the existence of some examples of S-metrics which are not generated

by any metric. For example, let X = R and the function S : X3 — [0,00) be
defined by

S(z,y,2) =z —z|+ |z + 2 — 2y], (2.9)
for all z, y and z € R. Then, § is an S-metric on R, which is not generated by
any metric, and the pair (R, S) is an S-metric space (see [11] for more details and
examples).

Let (X,S) be an S-metric space and f : X — X be a self-mapping. In this sub-
section, we give new solutions to the fixed-circle problem (resp. fixed-disc problem
and fixed ellipse problem) for self-mappings of an S-metric space (resp. a b-metric
space). For the S-metric case, we use the following numbers

pw=inf{S(z,z, fr):x# fr,x € X}, (2.10)
aS(z,z, fr) + (1= a)S(y, y, fy),
Ms(x,y):max{ S(z,z,fy)+S(y,y,fx 5 0<a<l1
(1 —a)S(z, 2, fx) + aS(y, y, fy), Selud Swul0)
(2.11)
and the following symmetry property given in [20]
Sz, x,y) =S (y,y,1), (2.12)

for all z,y € X on an S-metric space (X,S). Before stating our results, we recall
the definitions of a circle, a disc and an ellipse on an S-metric space, respectively,

as follows:
wa ={re X S, x,xg) =r},
Dfo’r ={re X :S,x,z) <r}
and

ES(x1,20) = {x € X : S(w,z,21) + S(2, 7, 20) = 1},
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where r € [0, 00) [16], [26]. For a self-mapping f of an S-metric space, the definition
of a fixed figure (circle, disc, ellipse, etc.) can be given similar to the case introduced
in the previous section (see [16] and [10] for the definitions of a fixed circle and a
fixed disc).

Theorem 2.7. Let (X,S) be an S-metric space, [ : X — X be a self-mapping,
¢ € Z be a simulation function and the number u be defined as in (2.10). If there
exist some points x1,xo € X such that

(a) For all x € E5(xy,x,), there exists 6(p) > 0 satisfying
g < MS(Iu xl) + Ms(l’,IQ) < g + 5(:“’) = S(f.f(f, f.flf,l'l) + S(f']:v f.flf,LUQ) < 122
(b) For allx € X,

S(fx, fr,z) >0= ((S(fx, fx,z), Ms(z,21)) > 0 and { (S(fzx, fz,x), Mg(x,x9)) >0,
(c) Forallz € X,

>0

— Y

S(f:l?, fZE,ZL') > 0= ( (S(f:l:’, f:L’,:l?), S(SL’,x,SL’l) —|—S(f:€, fx,xl) —;—S(m,x,@) —i—S(fx, fx7x2))

then fxy = x1, fxg = x9 and Fix(f) contains the ellipse Ef(xl,@).
Proof. We have
Ms(zy,21) = S(21, 21, fr1) and Mg(xg, 22) = S(w2, 12, f22).

First, we show that fr; = x; and fxy, = z5. If frx; # x; and fry # x5 then
S(z1, 21, frr) > 0 and S(xq, x9, fro) > 0. Using the symmetry condition (2.12)
and the condition ((y), we obtain

C(S(far, frr,21), Ms(z1,21)) = C(S(far, for,21), (21, 21, f21))
< S(fxl,fxl,xl) — S(l’l,l’l,fxl) =0

and

C(S(fx2, fr2,32), Ms(w2,2)) = ((S(fx2, [22,22), d(f2,32))
< d(fxa, x2) — d(fx2,22) =0,
which are contradictions by the condition (b). Hence it should be fz; = z; and
fro = xo.
If 11 = 0, it is easy to check that Ef (21, 25) = C2 , = {21} and z; = 5. Hence,
the proof is completed.

Assume that p # 0. Let © € E} (21, 22) be any point such that fz # z. Then
S(x,z, fxr) > 0 and we have

M5 (z,21) = max{aS(x,:):, f2),(1 — a)S(z, z, fz), S(z,x, fxq) —ZS(:cl,:cl,fx)}
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and

M5 (z,19) = max{aS(x,x’ fr), (1 — a)S(z, z, f), S(z,x, frs) —ZS(xQ,xQ,fx) } .

Using the condition (a), we get

g < MS(x,21) + M®(2,25) < g +0(p) = S(fx, fx,x1) + S(fz, fr,xs) < .
(2.13)
Now, using the inequality (2.13), the conditions (¢), ((3) and the symmetry condi-
tion (2.12), we obtain

0 < C(S(fg:, fx’z)’S(f,l',ﬁl)‘l'S(ff, fl',xl)‘;—s(l',l',l’g)—l—gg(fz’ fzij))

S(x,z,x1) +S(fx, fr,x1) + S(w, 2, 20) + S(fz, fx,z5) g

< ! (fa. fz.2)
Sz, x) + S, w,2)  S(fw, fo,x) + S(fr, fr, 1)
= 9 -+ 2 - S(f:(f, fSL’, LL’)
< L+ L -S(fa fo.x) = p=S(fo. fr.x)

and so

S(fr, fx,x) < p,

which is a contradiction by the definition of the number p. This contradiction leads
to fr = z. Consequently, we have Ef(xy,25) C Fiz(f). O

If 1 = 2z then we have EE(ZIJ’l,ZI}'g) = Cxl,% and Theorem 2.7 is reduced to a
fixed-circle theorem as follows:

Theorem 2.8. Let (X,S) be an S-metric space, f : X — X be a self-mapping and
the number p be defined as in (2.10). If there exist a simulation function ( € Z

and a point xog € X such that
(i) For all x € C%

o,

there exists a d(p) > 0 satisfying

% < Mg(z,x0) < % +d(p) = S(f, fr,20) < p,

(17) For all z € X,

then xog € Fiz (f) and the circle C5 | is a fized circle of f.

T,

Proof. 1f fxy # o then using the symmetry property (2.12) and the condition ((s),
we get

Ms(xo,20) = S (20, 20, f20) = S (f20, f20, Z0)
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and

C (S (fxo, fro,m0), Ms(wo,70)) = (S (fzo, fro,70),S (fxo, fro, 20))
< S (fo, fro,x0) — S (f20, fr0,70) = 0.

This last inequality is a contradiction by (iz). Therefore, it should be fzq = x.
This shows that the circle C5 = {x,} is a fixed circle of f when p = 0. Now,

T,

let £ >0 and x € wa be any element. To show that f fixes the circle C¥ | we

Zo,M?
Since zg € Fiz (f), we have

S(z,x, frg) + S(x0, xo, fx)}
4
M+S(x0,x0,f:c)}
1 .

suppose that fz # x for any € C?

TO, "

Mg(x,z9) = max {aS(a:,x, fx), (1 —a)S(z,x, fr),

= max {aS(a:,x, fx),(1 —a)S(z,x, fr),

Using the conditions (i), (i7), ((2) and the symmetry property (2.12), we find

0 < ¢((S(fz, fr,x), Ms(x,x0))
< Mgs(x,z9) — S (fr, fr,z) <p—8S(fz, fx,z),

a contradiction by the definition of the number y. Hence, we have fox = z. Conse-
quently, f fixes the circle C¥ U

TO, "

Corollary 2.1. Let (X,S) be an S-metric space, f : X — X be a self-mapping
and the number p be defined as in (2.10). If there exist a simulation function ( € Z
and a point xo € X such that
(1) For allz € D3,
r
b < Ms(w,0) < £ +3(n) = S(fx, fa,20) < .
(17) For all z € X,

there exists a §(p) > 0 satisfying

then the disc D3 is a fized disc of f.

T,

Example 2.3. Let X = {—3,—1,1,3,12, 18} with the S-metric defined in (2.9) and
consider the self-mapping f defined in Example 2.1 on this S-metric space (X,S).
It is easy to check that the self-mapping f satisfies the conditions of Theorem 2.7
with the points x1 = —1 and xo = 1, the simulation function ((t,s) = %s —t and
any a € [0,1). We have

pw=inf{S(z,x, fr): x# fr,r € X} =85(12,12,18) = 12

and clearly the set Fix(f) contains the ellipse E2,(—1,1) = {=3,3}. On the other
hand, the self-mapping f does not satisfy the condition (b) of Theorem 2.7 for the
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ellipse E7y(—3,3) = {—3,—1,1, 3} for any simulation function ¢ and any a € [0, 1).
Indeed, we have

C(S(fz, fr,x), Mg(x,3)) = ((S(18,18,12), Mg(12,3))
= ((12,12)) <0,

by the condition ((s) for the point x = 12 with S(18,18,12) > 0. This shows that
the converse statement of Theorem 2.7 is not true everwhen.

The self-mapping f satisfies the conditions of Theorem 2.8 with the point o = —3
and the simulation function ((t,s) = 2s —t. The circle C54 , = {3} is contained
in the set Fiz(f). On the other hand, the self-mapping f does not satisfy the
condition (ii) of Theorem 2.8 with the point xo = 3 for any simulation function ¢

and any a € [0,1). Since we have
(S (fz, fr,x), Ms(z,20)) = ((S(18,18,12), Ms(12,3))
— ((12,12)) <0,

by the condition (C3) for the point x = 12. But, the circle C5, = {=3} is a fived
circle of f. This shows that the converse statement of Theorem 2.8 is not true

everwhen.

Remark 2.3. 1) Example 2.3 shows the importance of the studies on an S-metric
space. Notice that the ellipse E1o(—1,1) and the circle C_319 are empty sets in the
metric space (X,d) in Example 2.1 but, if we consider the S-metric S(z,y,z) =
| — 2|+ &+ 2 — 2y| on X then the ellipse Et,(—1,1) and the circle C%5 1, are not
empty sets and both of them are contained in the set Fix(f).

2) Note that S-metric versions of Definition 2.1 and Theorem 2.3 can also be

given for self-mappings on an S-metric space.

Now we give a fixed-circle theorem using the auxiliary function ¢, : RTU{0} — R
defined in (2.5).

Theorem 2.9. (X,S) be an S-metric space, ( € Z be a simulation function and
C?  be any circle on X with r > 0. If there exists a self-mapping f : X — X

0,7

satisfying
i) S(fx, fx,xo) =1 for each x € Cf .,
i) C(r,S(fx, fx, fy)) = 0 for each x,y € C3 . with x # vy,

iti) ¢ (S (fz, fz, fy), S (z,2,y) — ¢, (S (z, 2, fz))) 2 0 for each z,y € C7 .,
iv) f is one to one on the circle C

xo,r”?
then the circle Cfo is a fived circle of f.

NS

Proof. Let x € C5 _be an arbitrary point. By the condition (i), we have fz € C%

xo,r xo,r”

To show that fx = x for all z € C’fo,r, conversely, we assume that x # fx for any
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z € C3 . Then we have S (z,z, fz) > 0. Using the conditions (ii), (iv) and ({),
we obtain
0<¢ (T,S (fa:, fx, f2x)) <S8 (fa:, fx, f2x) —r
and hence
r<S§ (fa:, fx, fzx) . (2.14)
Using the definition of the function ¢, and the conditions (iii), (iv) and ((z), we
get
0 < C(S(fz, fz, f22),S (2,2, fr) — ¢, (S (x,2, fz)))

= ( (S (fx, fx, f2x) .S (z,x, fx) — (S (x,x, fz) — r))

= C(S (fx, fx, fzx) ,7") <r-—S8 (fa:, fx, f2x)
and hence

S (fa:, fx, f2x) <r,

which is a contradiction with the inequality (2.14). Consequently, it should be
fx = x for each x € C2 _, that is, C%  is a fixed circle of f. U

xo,r’ xo,r

Now we give a general result which ensure the uniqueness of a geometric figure
contained in the set Fiz(f) for a self-mapping of an S-metric space (X, S).

Theorem 2.10. (The uniqueness theorem) Let (X,S) be an S-metric space, the
number Mg (x,y) be defined as in (2.11) and f : X — X be a self-mapping. Assume
that the fized point set Fix(f) contains a geometric figure F. If there exists a
stmulation function ¢ € Z such that the condition

is satisfied by f for allx € F andy € X — F, then the figure F is the unique fized
figure of f.

Proof. On the contrary, we suppose that F* is another fixed figure of the self-
mapping f. Let z € F, y € F* with x # y be arbitrary points. Using the
inequality (2.15) and the condition ((3), we get

0<C(S(fa, fr, fy), Ms (z,y)) = C(S (2, 2,9),S (z,7,y)) < S (2,2,y)=S (,2,y) =0,

a contradiction. Hence, it should be z = y for all x € F, y € F*. This shows the
uniqueness of the fixed figure F of f. O

We give a condition which excludes the identity map Ix : X — X defined by
Ix(z) =« for all z € X from the above results.
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Theorem 2.11. Let (X,S) be an S-metric space, f : X — X be a self-mapping
and r € [0,00) be a fivred number. If there exists a simulation function ( € Z such
that the condition

S (z,z, fr) < ((S(z,2, fz), 0. (S (2,2, fx)) +7)
is satisfied by f for all x ¢ Fix(f) if and only if f = Ix.
Proof. The proof is similar to the proof of Theorem 2.6. O

Remark 2.4. 1) Let (X, S) be an S-metric space. Suppose that the S-metric S is
generated by a metric d. Then, for 0 < a < 1 we have

Mgs(z,z9) = max aS(z, z, fz) + (1 — a)S(zo, To, f20),
’ (1 — a)S(x,z, fz) + aS(wo, xo, f1), St 20)t 80,0, ]7)

e 2ad(z, fr)+2(1 — a)d(xo, fxo),
T\ 20— (e, fa) + 2ud(ao, fry), Btttz

and so
M(I,.ﬁ(]o) S Ms(l',l’(]).

Consequently, Theorem 2.8 (resp. Corollary 2.1) is a generalization of Theorem
3.2 (resp. Corollary 3.2) given in [21].

2) Similar definition of the notion of a fized figure (circle, disc, ellipse and so
on) can be given for a self-mapping of a b-metric space.

3) From [27], we know that the function defined by

d® (z,y) = S (z,z,y) = 2d (2,7),

for all z,y € X, defines a b-metric on an S-metric space (X,S) with b = % If
we consider Theorem 2.8 and Theorem 2.9 together with this fact, then we get the
following fized-circle (resp. fized-disc) results on a b-metric space using the number

ad®(z, fz) + (1= a)d*(y, fy). 0<a<l1
(1 — a)ds(aj, fx) + a(l _ a)ds(y, fy), ds(xvfy)';‘ds(y,fx) ,0< '

Myys(z,y) = max {
(2.16)

Theorem 2.12. Let (X,d”) be a b-metric space, f: X — X a self-mapping and
1 be defined as
p=inf{d°(z, fz): 2 # fr,x € X}. (2.17)
If there exist a simulation function ¢ € Z and a point xo € X such that
(i) For all z € C%

o,

there exists a d(p) > 0 satisfying

% < Mds(l',llfo) < % + 6(,“) - ds(fl’,[lj'o) < s
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where
Cgiu ={z € X :d°(z,z0) = pu}

and

Mys (x, z9) = max { ad*(v, f) + (1 = a)d®(xo, f0), } 0<a<l

S(x,fx S(zo. fx
(1 — a)dS(z, fz) + ad®(x, f,), LELr4d 0.T2)

(17) For all x € X,
dS(fx>$) > 0= C (dS(fI,x),Mds(l',Io)) Z Oa
then xy € Fizx(f) and the circle C¥ s a fived circle of f.

T,

Corollary 2.2. Let (X,d”) be a b-metric space, f : X — X be a self-mapping and
the number p be defined as in (2.17). If there exist a simulation function ( € Z
and a point xo € X such that

(i) For allz € DE,
7

1 < Mys(x,x0) < %—1—5(#) — d%(fx,20) <

there exists a §(p) > 0 satisfying

where
D¥ = {zeX:d m) <pu},

Zo,H

(17) For allz € X,
d°(fz,x) > 0 = ¢ (d°(fz,x), Mys(z, 20)) >0,
then the disc D is a fived disc of f.

T,

Theorem 2.13. Let (X,d”) be a b-metric space, ( € Z be a simulation function
and C* be any circle on X with r > 0. If there ezists a self-mapping f: X — X

x0o,T
satisfying
i) d*(fz, 1) =1 for each x € C’g:,r,
i) ¢ (r,d*(fz, fy)) > 0 for each z,y € ngr with x # y,

iii) ¢ (d°(fa, fy), d°(x,y) — o, (d(x, f2))) 2 0 for each x,y € CF, .
iv) f is one to one on the circle o

xo,r?
then the circle ng is a fived circle of f.

NS

Theorem 2.14. Let (X, d%) be a b-metric space, the number Mys(z,y) be defined
as in (2.16) and f : X — X be a self-mapping. Assume that the fized point set
Fiz(f) contains a geometric figure F. If there exists a simulation function ( € Z
such that the condition

C(d®(fx, fy), Mys (z,y)) >0
18 satisfied by f for allx € F and y € X — F, then the figure F is the unique fized
figure of f.
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Theorem 2.15. Let (X,d°) be a b-metric space, f : X — X be a self-mapping
with the fized point set Fixz(f) and r € [0,00) be a fived number. If there exists a
stmulation function ¢ € Z such that the condition

d*(x, fr) < ¢ (d°(x, f), ¢, (d°(x, f2)) +7)

is satisfied by f for all x ¢ Fix(f) if and only if f = Ix.

3. Conclusions and Future Works

In this paper, we have obtained new results on the study of geometric properties
of the fixed point set of a self-mapping on a metric (resp. S-metric, b-metric)
space via the properties of the set of simulation functions. As a future work,
the determination of new conditions which ensure a geometric figure to be fixed
by a self-mapping can be considered using similar approaches. Further possible
applications of our theoretic results can be done on the applied sciences using the
geometric properties of fixed points. For example, in [9], the existence of a fixed
point for every recurrent neural network was shown using Brouwer’s Fixed Point
Theorem and a geometric approach was used to locate where the fixed points are
(see [9] for more details). Therefore, theoretic fixed figure results are important in
the study of neural networks.
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