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Abstract Let q ≥ 3 be a prime and let H(λq) be the Hecke group associated to q.
Let m be a positive integer and Hm(λq) be the mth power subgroup of H(λq). In
this work, we study the commutator subgroups of the power subgroups Hm(λq) of
H(λq). Then, we give the derived series for all triangle groups of the form (0;2, q, n)

for n a positive integer, since there is a nice connection between the signatures of the
subgroups we studied and the signatures of these derived series.
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1 Introduction

In [5], Erich Hecke introduced the Hecke groups H(λ) generated by two linear frac-
tional transformations

T (z) = −1

z
and U(z) = z + λ,

where λ is a fixed positive real number. Let S = T U , i.e.

S(z) = − 1

z + λ
.
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E. Hecke showed that H(λ) is Fuchsian if and only if λ = λq = 2 cos π
q

, for q ≥ 3
integer, or λ ≥ 2. We consider the former case q ≥ 3 integer and we denote it by
H(λq). The Hecke group H(λq) is isomorphic to the free product of two finite cyclic
groups of orders 2 and q . H(λq) has a presentation

H(λq) = 〈
T ,S | T 2 = Sq = I

〉 ∼= Z2 ∗ Zq, [4].

It is well known that every Fuchsian group has a presentation of the following
type:

Generators a1, b1, . . . , ag, bg (hyperbolic),
x1, . . . , xr (elliptic),
p1, . . . , pt (parabolic),
h1, . . . , hu (hyperbolic boundary),

Relations x
mj

j =
g∏

i=1

[ai, bi]
r∏

j=1

xj

t∏

k=1

pk

u∏

l=1

hl = 1,

where [ai, bi] = aibia
−1
i b−1

i is the commutator of ai and bi . We than say that the
group has signature (g;m1, . . . ,mr ; t;u). Here g is the genus of the Riemann surface
corresponding to the group and mi are the integers greater than 1 and they are called
the periods of the group. Fuchsian groups including Hecke groups H(λq) have no
hyperbolic boundary elements, therefore we take u = 0, and omit it in the signatures.

Note that the Hecke groups H(λq) can be thought of as triangle groups having
an infinity as one of the entries. Coxeter and Moser [3] have shown that the triangle
group (g; k, l,m) is finite when (1/k + 1/l + 1/m) > 1 and infinite when (1/k +
1/l + 1/m) ≤ 1. As H(λq) has the signature (0;2, q,∞), each is an infinite triangle
group. Several of these groups are H(λ3) = Γ = PSL(2,Z) (the modular group),

H(λ4) = H(
√

2), H(λ5) = H( 1+√
5

2 ), and H(λ6) = H(
√

3).
The extended modular group, denoted by H(λ3) = Π = PGL(2,Z), has been de-

fined by adding the reflection R(z) = 1/z to the generators of the modular group
H(λ3). Then, the extended Hecke group, denoted by H(λq), has been defined in
[12, 13], and [14] similar to the extended modular group by adding the reflection
R(z) = 1/z to the generators of the Hecke group H(λq). Thus the extended Hecke
group H(λq) has the presentation

H(λq) = 〈
T ,S,R | T 2 = Sq = R2 = (T R)2 = (RS)2 = I

〉 ∼= D2 ∗Z2 Dq, (1.1)

and Hecke group H(λq) is a subgroup of index 2 in H(λq). The signature of the
extended Hecke group H(λq) is (0;+; [−]; {(2, q,∞)}). Since the extended Hecke
groups H(λq) contain a reflection, they are non-Euclidean crystallographic (NEC)
groups.

Let m be a positive integer. Let us define Hm(λq) to be the subgroup generated
by the mth powers of all elements of H(λq). The subgroup Hm(λq) is called the mth
power subgroup of H(λq). As fully invariant subgroups, they are normal in H(λq).

The power subgroups of the modular group H(λ3) have been studied and classified
in [8] and [9] by Newman. His results have been generalized to Hecke groups H(λq),
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by Cangül and Singerman for q ≥ 3 prime in [1], by Ikikardes, Koruoğlu and Sahin
for q ≥ 4 even integer in [7] and by Cangül, Sahin, Ikikardes and Koruoğlu for q ≥ 3
odd integer in [2]. For q ≥ 3 prime, the power subgroups of the extended Hecke
groups H(λq) were studied by Sahin, Ikikardes and Koruoğlu in [15, 16] and [17].

For q ≥ 3 odd integer and for m positive integer, they proved the following results
of which (a) to (g) are given in [2]:

(a) The normal subgroup H 2(λq) is the free product of two finite cyclic groups of
order q , i.e.,

H 2(λq) = 〈
S,T ST | Sq = (T ST )q = I

〉 ∼= Zq ∗ Zq, (1.2)

and the signature of H 2(λq) is (0;q(2),∞).
(b) The normal subgroup Hq(λq) is the free product of q finite cyclic groups of order

2, in particular,

Hq(λq) = 〈T 〉 ∗ 〈
ST S−1〉 ∗ 〈

S2T S−2〉 ∗ · · · ∗ 〈
Sq−1T S

〉
, (1.3)

and it has the signature (0;2(q),∞).
(c) If (m,2) = 1 and (m,q) = 1, then Hm(λq) ∼= H(λq).
(d) If (m,2) = 2 and (m,q) = 1, then Hm(λq) ∼= H 2(λq).
(e) If (m,2) = 1 and (m,q) = q , then Hm(λq) ∼= Hq(λq).
(f) The commutator subgroup H ′(λq) of H(λq) satisfies

H ′(λq) = H 2(λq) ∩ Hq(λq). (1.4)

Also the signature of H ′(λq) is (
q−1

2 ;∞) and H ′(λq) is a free group.
(g) If (m,2) = 2 and (m,q) = q , then Hm(λq) ⊂ H ′(λq) and the groups Hm(λq)

are free.
(h) For p ≥ 3 prime, the commutator subgroup H

′
(λp) of H(λp) satisfies

H
′
(λp) = H

2
(λp) = H 2(λp), [17]. (1.5)

In this paper, we obtain the group structures and the signatures of commutator
subgroups of the power subgroups Hm(λq) of the Hecke groups H(λq), for q ≥
3 prime. We achieve this by applying standard techniques of combinatorial group
theory (the Reidemeister–Schreier method and the permutation method). Then, we
give an application related with the derived series for all triangle groups of the form
(0;2, q, n), for q ≥ 3 prime and n positive integer, since there is a nice connection
between the signatures of our studied subgroups and the signatures of these derived
series.

2 Commutator subgroups of the power subgroups of some Hecke groups

In this section, firstly, we study the commutator subgroups of the power subgroups
H 2(λq) and Hq(λq) of the Hecke groups H(λq), for q ≥ 3 prime. Now let us give
the following theorems.
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Theorem 1 Let q ≥ 3 be prime.

(i) |H 2(λq) : (H 2)′(λq)| = q2.
(ii) The group (H 2)′(λq) is a free group of rank (q − 1)2 with basis [S,T ST ],

[S,T S2T ], . . . , [S,T Sq−1T ], [S2, T ST ], [S2, T S2T ], . . . , [S2, T Sq−1T ], . . . ,
[Sq−1, T ST ], [Sq−1, T S2T ], . . . , [Sq−1, T Sq−1T ].

(iii) The group (H 2)′(λq) is of index q in H ′(λq).
(iv) For n ≥ 2, |H 2(λq) : (H 2)(n)(λq)| = ∞.

Proof Since H
′
(λq) = H 2(λq), we have (H 2)′(λq) = H

′′
(λq). Then it is easy to see

(i)–(iv) from the Theorem 3.4 in [13]. �

Here, using the permutation method, we get also the signature of (H 2)′(λq) as

(
q2−3q+2

2 ;∞,∞, . . . ,∞︸ ︷︷ ︸
q times

) = (
q2−3q+2

2 ;∞(q)).

Theorem 2 Let q ≥ 3 be prime.

(i) |Hq(λq) : (Hq)′(λq)| = 2q .
(ii) The group (Hq)′(λq) is a free group of rank 1 + (q − 2)2q−1.

(iii) The group (Hq)′(λq) is of index 2q−1 in H ′(λq).
(v) For n ≥ 2, |Hq(λq) : (Hq)(n)(λq)| = ∞.

Proof (i) From (1.3), let k1 = T , k2 = ST S−1, k3 = S2T S−2, . . . , kq = Sq−1T S.
The quotient group Hq(λq)/(Hq)′(λq) is the group obtained by adding the relation
kikj = kj ki to the relations of Hq(λq), for i = j and i, j ∈ {1,2, . . . , q}. Then

Hq(λq)/
(
Hq

)′
(λq) ∼= Z2 × Z2 × · · · × Z2︸ ︷︷ ︸

q times

.

Therefore, we obtain |Hq(λq) : (Hq)′(λq)| = 2q .
(ii) Now we choose Σ = {I, k1, k2, . . . , kq, k1k2, k1k3, . . . , k1kq, k2k3, k2k4, . . . ,

k2kq, . . . , kq−1kq, k1k2k3, k1k2k4, . . . , k1k2kq, . . . , k1k2 . . . kq} as a Schreier transver-
sal for (Hq)′. According to the Reidemeister–Schreier method, we get the generators
of (Hq)′ as the followings.

There are C(q,2) = (
q
2

)
generators of the form kikj kikj where i < j and

i, j ∈ {1,2, . . . , q}. There are 2 × (
q
3

)
generators of the form kikj kt kj kt ki , or

kikj kt kikt kj where i < j < t and i, j , t ∈ {1,2, . . . , q}. There are 3 × (
q
4

)
genera-

tors of the form kikj kt kukikuktkj , or kikj kt kukj kuktki , or kikj kt kuktkukj ki where
i < j < t < u and i, j, t, u ∈ {1,2, . . . , q}. Similarly, there are (q − 1) × (

q
q

)
gen-

erators of the form k1k2 · · ·kqk1kqkq−1 · · ·k2, or k1k2 · · · kqk2kqkq−1 · · ·k3k1, or · · ·,
or k1k2 · · ·kqkq−1kqkq−2 · · ·k2k1. In fact, there are total 1 + (q − 2)2q−1 generators
obtained by using the theorem of Nielsen in [11].

(iii) Since |H(λq) : (Hq)′(λq)| = q.2q and |H(λq) : H ′(λq)| = 2q , we obtain
|H ′(λq) : (Hq)′(λq)| = 2q−1.
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(iv) Taking relations and abelianizing we find that the resulting quotient is infinite.
It follows that (Hq)′′(λq) has infinite index in (Hq)′(λq). Further since this has infi-
nite index it follows that the derived series from this point on have infinite index. �

Also, we obtain the signature of (Hq)′(λq) as ((q −3)2q−2 +1;∞,∞, . . . ,∞︸ ︷︷ ︸
2q−1 times

) =
((q − 3)2q−2 + 1;∞(2q−1)).

Notice that the results in the Theorems 1 and 2 coincide with the results given in
[10, Lemma 1, p. 102] for the modular group H(λ3). Lemma 2 of [10] also directly
generalizes, giving the following.

Corollary 3 We have

H ′(λq) = (
H 2)′

(λq)
(
Hq

)′
(λq).

Proof Since (H 2)′(λq) and (Hq)′(λq) are normal subgroups of H ′(λq), we have the
chains

H ′(λq) ⊃ (
H 2)′

(λq)
(
Hq

)′
(λq) ⊃ (

H 2)′
(λq) and

H ′(λq) ⊃ (
H 2)′

(λq)
(
Hq

)′
(λq) ⊃ (

Hq
)′
(λq).

Since |H ′(λq) : (H 2)′(λq)(Hq)′(λq)| divides q and |H ′(λq) : (H 2)′(λq)(Hq)′(λq)|
divides 2q−1, we get |H ′(λq) : (H 2)′(λq)(Hq)′(λq)| = 1 as (q,2q−1) = 1. Then we
obtain H ′(λq) = (H 2)′(λq)(Hq)′(λq). �

Here we give an example related with the Theorem 2.

Example 1 Let q = 5. Then |H 5(λ5) : (H 5)′(λ5)| = 32. We choose Σ = {I , k1, k2,
k3, k4, k5, k1k2, k1k3, k1k4, k1k5, k2k3, k2k4, k2k5, k3k4, k3k5, k4k5, k1k2k3, k1k2k4,
k1k2k5, k1k3k4, k1k3k5, k1k4k5, k2k3k4, k2k3k5, k2k4k5, k3k4k5, k1k2k3k4, k1k2k3k5,
k1k2k4k5, k1k3k4k5, k2k3k4k5, k1k2k3k4k5} as a Schreier transversal for (H 5)′. Using
the Reidemeister–Schreier method, we get the generators of (Hq)′ as the following.
There are 10 generators of the form,

k1k2k1k2, k1k3k1k3, k1k4k1k4, k1k5k1k5, k2k3k2k3,

k2k4k2k4, k2k5k2k5, k3k4k3k4, k3k5k3k5, k4k5k4k5,

20 generators of the form,

k1k2k3k2k3k1, k1k2k3k1k3k2, k1k2k4k2k4k1, k1k2k4k1k4k2,

k1k2k5k2k5k1, k1k2k5k1k5k2, k1k3k4k3k4k1, k1k3k4k1k4k3,

k1k3k5k3k5k1, k1k3k5k1k5k3, k1k4k5k4k5k1, k1k4k5k1k5k4,

k2k3k4k3k4k2, k2k3k4k2k4k3, k2k3k5k3k5k2, k2k3k5k2k5k3,

k2k4k5k4k5k2, k2k4k5k2k5k4, k3k4k5k4k5k3, k3k4k5k3k5k4,
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15 generators of the form,

k1k2k3k4k1k4k3k2, k1k2k3k4k2k4k3k1, k1k2k3k4k3k4k2k1,

k1k2k3k5k1k5k3k2, k1k2k3k5k2k5k3k1, k1k2k3k5k3k5k2k1,

k1k2k4k5k1k5k4k2, k1k2k4k5k2k5k4k1, k1k2k4k5k4k5k2k1,

k1k3k4k5k1k5k4k3, k1k3k4k5k3k5k4k1, k1k3k4k5k4k5k3k1,

k2k3k4k5k2k5k4k3, k2k3k4k5k3k5k4k2, k2k3k4k5k4k5k3k2,

and 4 generators of the form

k1k2k3k4k5k1k5k4k3k2, k1k2k3k4k5k2k5k4k3k1,

k1k2k3k4k5k3k5k4k2k1, k1k2k3k4k5k4k5k3k2k1.

Therefore, the group (H 5)′(λ5) is a free group of rank 49.

Using the Theorems 1 and 2, we have the following results.

Corollary 4 Let q ≥ 3 be a prime and let m be a positive integer. Then

(i) If (m,2) = 1 and (m,q) = 1, then Hm(λq) ∼= H(λq) and so (Hm)′(λq) ∼=
H ′(λq). In this case, the series of the signatures of H(λq), Hm(λq) and
(Hm)′(λq), respectively, is

H(λq)(0;2, q,∞) = Hm(λq)(0;2, q,∞),

(2.1)

H(λq)(0;2, q,∞) ⊃ (
Hm

)′
(λq)

(
q − 1

2
;∞

)
.

(ii) If (m,2) = 2 and (m,q) = 1, then (Hm)′(λq) ∼= (H 2)′(λq). In this case, the
series of the signatures of H(λq), Hm(λq) and (Hm)′(λq), respectively, is

H(λq)(0;2, q,∞) ⊃ Hm(λq)
(
0;q(2),∞)

⊃ (
Hm

)′
(λq)

(
q2 − 3q + 2

2
;∞(q)

)
. (2.2)

(iii) If (m,2) = 1 and (m,q) = q , then (Hm)′(λq) ∼= (Hq)′(λq). In this case, the
series of the signatures of H(λq), Hm(λq) and (Hm)′(λq), respectively, is

H(λq)(0;2, q,∞) ⊃ Hm(λq)
(
0;2(q),∞)

⊃ (
Hm

)′
(λq)

(
(q − 3)2q−2 + 1;∞(2q−1)

)
. (2.3)

After Corollary 4, we are only left to consider the case where (m,2) = 2 and
(m,q) = q . In this case, the factor group H(λq)/Hm(λq) is the infinite group. There-
fore we cannot say much about Hm(λq) apart from the fact that they are all normal
subgroups with torsion.
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3 The relationships between the derived series of the triangle groups
(0;2, q,n) and the signatures of some subgroups of H(λq)

Now let us give the relationship between the derived series for all triangle groups
of the form (0;2, q, n) for q ≥ 3 prime and n positive integer and the signatures
of the power subgroups Hm(λq) of the Hecke groups H(λq) and their commutator
subgroups. The derived series for all triangle groups of the form (0;2,3, n) were
studied by Zomorrodian in [18]. Here we consider the cases q ≥ 3 prime. All our
findings coincide with the ones given in [18] for q = 3.

Indeed, by adding relation (T S)n to the existing two relations, all triangle groups
of the form (0;2, q, n) become one relator quotient groups of the Hecke groups
H(λq). Thus if Γ is a Fuchsian group with signature (0;2, q, n), then Γ has the
following presentation

Γ ∼= H(λq)/R(T ,S) = 〈
T ,S | T 2 = Sq = (T S)n = I

〉
, (3.1)

where R(T ,S) = (T S)n for any value of the positive integer n.
The quotient group Γ/Γ ′ is the group obtained by adding the relation T S = ST

to the relations of Γ . Then Γ/Γ ′ has a presentation

Γ/Γ ′ ∼= 〈
t, s | t2 = sq = (ts)n = I, ts = st

〉
, (3.2)

where t and s are the images of T and S, respectively, under the homomorphism of
Γ to Γ/Γ ′. Now we give the following example:

Example 2 Let Γ be a Fuchsian group with signature (0;2, q, n). Let �(Γ ) denote
the drive length of Γ and Γ � Γ ′ � Γ ′′ � · · · � Γ (k) � · · · be its derived series.
Then

(i) If (n,2) = 1 and (n, q) = 1, then by using (3.2), we find t = s = I from the
relations (ts)n = (ts)2q = I . Thus Γ = Γ ′, i.e. Γ is the perfect group. Therefore
Γ = Γ ′ = Γ ′′ = · · · = Γ (k) = · · ·. Consequently, we get �(Γ ) = ∞.

(ii) If (n,2) = 2 and (n, q) = 1, then we have s = I , since s2 = sq = I . Thus we
get Γ/Γ ′ ∼= Z2. Using the Reidemeister–Schreier method and the permutation
method, we find the derived series of Γ as the following:

Γ (0;2, q,2r) ⊃ Γ ′ = Γ (0;q, q, r) ⊃ Γ ′′ = Γ (0; r, r, . . . , r︸ ︷︷ ︸
q times

)

⊃ Γ ′′′ = Γ

(
(q − 2)rq−1 − qrq−2 + 2

2
;−

)
. (3.3)

Here, the corresponding factor groups are Z2, Zq and Zr × Zr × · · · × Zr︸ ︷︷ ︸
(q−1) times

. In

fact, there are infinitely many automorphism groups covered by Γ which are
residually soluble (Γ ′′′ and all the terms following Γ ′′′ in the series). Thus we
find �(Γ ) = 4.
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(iii) If (n,2) = 1 and (n, q) = q , then we have t = I , since t2 = tq = I . Thus we
get Γ/Γ ′ ∼= Z3. Using the Reidemeister–Schreier method and the permutation
method, we find the derived series of Γ as the following:

Γ (0;2, q, qr) ⊃ Γ (0;2,2, . . . ,2︸ ︷︷ ︸
q times

, r) ⊃ Γ
(
(q − 4)2q−3 + 1; r, r, . . . , r︸ ︷︷ ︸

2(q−1) times

)

⊃ Γ
(
2q−3r2q−1−2((q − 2)r − 2

) + 1;−)
. (3.4)

Here, the corresponding factor groups are Zq , Z2 × Z2 × · · · × Z2︸ ︷︷ ︸
(q−1) times

and

Zr × Zr × · · · × Zr︸ ︷︷ ︸
2(q−1)−1 times

. There are infinitely many automorphism groups covered

by Γ which are residually soluble (Γ ′′′ and all the terms following Γ ′′′ in the
series). Thus we find �(Γ ) = 4.

(iv) If (n,2) = 2 and (n, q) = q , then we get t2 = sq = I . Thus we get Γ/Γ ′ ∼=
Z2q . Using the Reidemeister–Schreier method and the permutation method,
Γ ′ is a Fuchsian group generated by z = (T S)2q, a1 = Sq−1T ST ,a2 =
Sq−2T S2T , . . . , aq−1 = ST Sq−1T . Here the only element of finite order is
z = (T S)2q and its order is n/(2q). Using the permutation method, Γ ′ has
signature (

q−1
2 ; r), since it is of index 2q in Γ . Then the second derived group

Γ ′′ is of infinite index in Γ . Using the theorem of Hoare–Karrass–Solitar in [6,
p. 65], we can find the following series:

Γ (0;2, q,2qr) ⊃ Γ ′ = Γ

(
q − 1

2
; r

)
⊃ Γ ′′ ⊃ · · · . (3.5)

Here Γ ′ is a free product of a finite and (q −1) infinite cyclic groups and Γ ′′ is a
free group. Also the corresponding factor groups are Z2q and Z × Z × · · · × Z︸ ︷︷ ︸

(q−1) times

.

Therefore, we find �(Γ ) = 3.

Notice that there are similar results between the derived series for all triangle
groups Γ of the form (0;2, q, n) and the series of the signatures of the power sub-
groups of the Hecke groups H(λq) and their commutator subgroups. Especially,
there are similarities between (2.1), (2.2), (2.3) and (3.5), (3.3), (3.4), respectively.
Of course, there are some differences in these signatures, since (T S)n = I in Γ and
(T S)∞ = I in H(λq).
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