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Polynomial approximation of functions in
weighted Lebesgue and Smirnov spaces with
nonstandard growth

Ramazan Akgiin

Abstract. This work deals with basic approximation problems such as direct, inverse and
simultaneous theorems of trigonometric approximation of functions of weighted Lebesgue
spaces with a variable exponent on weights satisfying a variable Muckenhoupt 4., type
condition. Several applications of these results help us transfer the approximation results
for weighted variable Smirnov spaces of functions defined on sufficiently smooth finite
domains of complex plane C.
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1 Introduction and main results

For functions of weighted Lebesgue spaces Lf)(') with nonstandard growth, it was
proved in [25] that

1

A

) , n+1,r=1,2,3,..., (1.1
()0

and its weak inverse

1 C < _
Q,(f:—) 0 f;;E;E:(v+J)m'1Ev(f»QLw, nr=1273,..., (12
rL),w

n
v=0

holds provided the weight @ and the exponent p(-) are such that the Hardy—Little-
wood maximal operator M is bounded on the space Lf,’)(x), where

En(/)p(r0 = Jnf IS = Tllpc)0- n=012,..., felLblO,
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204 R. Akgiin

Ty is the class of trigonometric polynomials of degree not greater than #,

’

[[d—on)f

i=1

Q,(f, 8)p(-),w ‘= sup

0<h; <6

p()’w
felPO, §>0 r=1.273,...,

is the modulus of smoothness of degree r ([16]), [ is the identity operator and

onf () i= o

x+h
Zh/ f(t)dt for heR and x € T := [-m, 7].

x—h

Inequalities (1.1), (1.2) and their several consequences were given in [25]. In the
recent papers [5] and [1] we considered the weighted fractional moduli of smooth-
ness, i.e., Q,(f,*)p,0 With r € (0,00), to obtain inequalities of types (1.1) and
(1.2) in weighted Orlicz spaces. Fractional smoothness is not a new concept for
nonweighted Lebesgue spaces; Butzer [8], Taberski [45], Tikhonov—Simonov [44]
and Akgiin—Israfilov [4] applied the fractional moduli of smoothness successfully
to solve approximation problems in Lebesgue and Smirnov spaces. As a conse-
quence of these facts, defining the weighted fractional moduli of smoothness ([1]),
in this work we consider basic approximation problems such as direct, inverse and
simultaneous theorems of trigonometric approximation of functions of weighted
Lebesgue spaces with variable exponent for weights satisfying a variable Mucken-
houpt condition Aj(.). Several applications of these results help us to transfer ap-
proximation results for weighted Smirnov spaces of functions defined on a finite
domain with sufficiently smooth boundary.

Generalized Lebesgue spaces L? () with variable exponent (with nonstandard
growth) appeared first in [36] as an example of modular spaces ([17,35]), and the
corresponding Sobolev type spaces have extensive applications in fluid mechan-
ics, differential operators ([12, 38]), elasticity theory, nonlinear Dirichlet bound-
ary value problems ([34]), nonstandard growth and variational calculus ([40]).
If p*(T) := esssup,er p(x) < oo, then LP0) is a particular case of Musielak—
Orlicz spaces [35]. Fora constant p(x) := p, 1 < p < o0, the corresponding gen-
eralized Lebesgue spaces L?®) with nonstandard growth become classical Lebes-
gue spaces L? having deep approximation results. The main properties of L? Q)
are investigated in [42], [34], [39] and [14]. The boundedness of classical integral
transforms on LP?™) and weighted L? ) is obtained in [32], [40], [10] and [43].

Let (T) be the class of Lebesgue measurable functions p = p(x) : T —
(1, 00) such that

1 < p«(T) :=essinfrer p(x) < p* < o00.
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Polynomial approximation of functions 205

We define a class ng(r') of 2w -periodic measurable functions f : T — C satisfy-
ing
T+c
/ | f()|PD) dx < oo
—n+c
for any real number ¢ and p € P(T).
The class ng(r') is a Banach space ([34]) with any of the following equivalent

norms: ( )
. Fl) [P
1f T, pcy i= 011;1:) {/T e dx <1
and
1l = sup {Lﬂf@hﬂxﬂdxzﬁjgwﬂﬂ“)dxf1}, (1.3)
/()

geLy,

where p’(x) := p(x)/(p(x) — 1) is the conjugate exponent of p(x).

Letw : T — [0, o0] be a 277 periodic weight, i.e., a Lebesgue measurable and
a.e. positive function. Denote by L2 J the class of Lebesgue measurable functions
f T — C satisfyingwf € Lgy(r'). Weighted Lebesgue spaces with nonstandard
growth Lé’,(') are Banach spaces with the norm || /||,y = lof T, p()-

For given p € £ (T) the class of weights w satisfying the condition ([11])

1 1
ST R
or 1, o= sup Prs

< o0

|| WP ”Ll (B)
B.(p'(")/p()
is degoted by Ap)(T). Here pp := (ﬁ Iz ﬁd}f)_1 and B is the class of all
ballsin T.

The variable exponent p(x) is said to satisfy the local log-Holder continuity
condition if
c

p(x2)| < forall x1,x, € T. (1.4)
= Toge + 1/ v — )

lp(x1) —

We denote by J’Eg (T) the class of p € P (T) satisfying (1.4).
Let f € Lf:,(') and
x+h/2

1
Ay f(x) = Z/—h/z fdt, xeT,

be Steklov’s mean operator. For p € J’j:g(T Yand f € Lf,('), it was proved in [11]
that

The Hardy-Littlewood maximal function /M is bounded in LZ(')

1.5
if and only if w € A, (T). (1.5)
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206 R. Akgiin

Therefore if p € {Pi)g(T) and w € A, (T), then Ay is bounded in Lff,('). Us-
ing thes% )facts and setting x,h € T, 0 < r we define via binomial expansion, for
feLy”,

op f(x) = (I — Ap)" f(x)
IR ANt
_kgo( 1) (k)hk /—h/z —h/zf(x+u1+ +ug)duy - - duy.

Since the binomial coefficients (]rc) satisfy ([41, p. 14])

r c(r) n
(k) = kr+1’ keZ™,

o0
5 () .
k=0 k
”G’Zf”p(-),w = c“pr(-),a) < (1.6)
provided p € J/’i)g(T), w € Apy(T)and f € LEO).

For 0 < r we can now define ([48]) the fractional moduli of smoothness of the
index r for p € P(T), @ € Ap(y(T) and f € LB as
[r]

[T = Ano; s

i=1

we get

and therefore

P 8 > 0’
p():w

Qr(f, 5)p(~),w ‘= sup

0<h;,t<§

where Q0o(f. 8)p(),0 = 11 lp0),00 ]_[?=1(1 —dhp,)of fi=o0] ffor0O<r <1,
and [r] denotes the integer part of the nonnegative real number r.
We have by (1.6) that

Qr(f.0)pro =l fllpe)w

where p € {Pi)g(T), w € Ap(T), f € Lz(') and the constant ¢ > 0 depends
only on r and p.

Remark 1.1. The modulus of smoothness 2, (£, 8),(.),0. T € R, has the follow-
ing properties for p € !Pj:g(T), w € Ap)(T)and f € Lf)('):

(i) 27(f.0)p(.),0 is a nonnegative and nondecreasing function of § > 0,

() Qr(f1+ /2:)p)0 < Qr(f1.)p0) 0 + 2r(f2:)p(),0
(iii) limg_, o+ 2,(f.8)p(),0 = 0.
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Polynomial approximation of functions 207

Ifpe f‘i)g(T) and w € Ap(.)(T), then wP™) ¢ L1(T). This implies that the
set of trigonometric polynomials is dense in Lf,(') ([32]). Therefore approximation
problems make sense in Lf)('). On the other hand, if p € :Plfg (T)and w € Ap(.),
then L2 ¢ L(T).

For given f € L1(T), let

[e.¢]

f(x) - 6170 + kz_:l(ak coskx + by sinkx) = k_Z_ (et (1.7)

and
o0
f(x) -~ Z(ak sinkx — by coskx)
k=1
be respectively the Fourier and the conjugate Fourier series of f. We set

L§(T) :={f € L'(T) : co(f) = O for the series in (1.7)} .

Leta € R be given. We define the fractional derivative of a function f € L(l)(T )
as

o0
@@= Y a(f)ik)*e*
k=—00
provided the right-hand side, where (ik)% := |k|* e(/27iasignk oxists as prin-

cipal value. We say that a function f € Lff,(') has the fractional derivative of de-
gree a € R if there exists a function g € Lf,(') such that its Fourier coefficients
satisfy cx(g) = cx(f) (k). In that case, we write /() = g.

For p € J’(Tg and @ > 0, let W% | be the class of functions f € Lf)(') such

. r(),w
that @ ¢ Lf,( . Then Wp"‘(_),w becomes a Banach space with the norm

1A we = 1 oo + 17 lpe)0-

The main results of this work are as follows.
Theorem 1.2. If p € PL4(T),

w P e A(%(.))),(T) for some po € (1, p«(T)),

acR and f € Wp"‘(.) o then foreveryn =0,1,2,3,... there exists a constant
¢ > 0 independent of n such that

En(f)p()o = mEn(f(a))p(%w

holds.
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208 R. Akgiin

Corollary 1.3. Under the conditions of Theorem 1.2,
c
()
En(f)p(-),w = n+ e “f “p(-),a)
with a constant ¢ > 0 independent of n.
Theorem 1.4. If p € PY(T),
w P e A(&),(T) for some po € (1, p«(T))
70

and [ € Lz('), then there exists a constant ¢ > 0 dependent only on r and p such
that

1
E ao<colr
n(perw = r(f n+ l)p('),w

holds for r eRTandn =0,1,2,3,....

The following inverse theorem of trigonometric approximation holds.

Theorem 1.5. Under the conditions of Theorem 1.4, the inequality
1 c z
Qi — )y < ——— ) 'E .
r(f, "t 1)p( ) = o+ 1) ‘;)(V +1) v(f)p( ),

holds forr € Rt andn =0,1,2,3,..., where the constant ¢ > 0 depends only
onr and p.

Corollary 1.6. Under the conditions of Theorem 1.4, if the condition
En(f)p(~),w = (9(”_0)7 n=12,...,

is satisfied for some o > 0, then

0(9), r> o,
Qr(f.8)p()0 = 1O [log(1/9)]), r =o,
o), r <o,

holds forr € R™T.
Definition 1.7. For 0 < o < r we set

Lipo(r, (). @) = { f € LD : @, (£:8)p(),0 = O(7). 8 > 0}
Corollary 1.8. Under the conditions of Theorem 1.4, if 0 < o < r and

En(f)p()o = On™° forn=12,...,
then f € Lipo(r, p(+), w).
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Corollary 1.9. Under the conditions of Theorem 1.4, if 0 < o < r, then the fol-
lowing conditions are equivalent:

(@) f €eLipa(r, p(-),w).
®) En(fpye =00, n=12,....

Theorem 1.10. Under the conditions of Theorem 1.4, if

0o
Z Va_lEv(f)p(.),w < X

for some o € (0, 00), then f ew and

p()w

En(f @)y < ¢ (<n+1)°‘En<f)p<>w+ 3 e Ev<f>p(.>,w)

v=n+1
hold, where the constant ¢ > 0 depends only on o and p.

The latter theorem gives rise to

Corollary 1.11. Under the conditions of Theorem 1.4, if r € (0, 00) and

o0
D VT E(f)p(yew < 00

for some o > 0, then there exists a constant ¢ > 0 depending only on o, r and p
such that

(a) a+r—1
(f ‘n+ l)p(.),w (n + l)r Z(V +1) Ey (f)p( ).

o0
+e Y VTE(pore

v=n+1
holds.

The following simultaneous approximation theorem is valid.
Theorem 1.12. If p € PL(T),
w P e A(&),(T) for some po € (1, p«(T)),

a€f0,00),and f e W p()w then there exist T € T,,n = 1,2,3,..., and a con-
stant ¢ > 0 depending only on o and p such that

7 =T = Ealf D
holds.
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Theorem 1.13. If p € P 4(T),

w PO e A(%))),(T) for some pg € (1, px),

f belongs to the Hardy space H? ) with a variable exponent on the unit circum-
ference D and r € R, then there exists a constant ¢ > 0 independent of n such
that

1
<7 Con=0.1.2.....
n+1)p0)

where N (f), k =0,1,2,3, ..., are the Taylor coefficients of f at the origin.

‘f(Z) =Y m(N)F

k=0

P(),C()

2 Some auxiliary results

We begin with

Lemma A ([27]). For « € R we suppose that
() a1 +ax+--+an+--

and
(i) ay +2%; +---+n%ap +---

are two series in the Banach space (B, ||-||). Let

Ry = Zn:(l - (n i 1)a)ak

k=0

and

forn =1,2,.... Then
|R™| <e, n=1,2,...,
for some ¢ > 0 if and only if there exists R € B such that
C
|2~ &] < <.

where ¢ and C are constants depending only on each other.
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Putting Ax (x) := cx(f)e'k* in (1.7), we define

Sn(f) 1= Sn(x, f) = D) (Ar(x) + A_g(x))

k=0
ao " .
= S+ Y (@kcoskx + bysinkx), n=0,1.2,...,
2
k=1
n k o
R,(l“)(f, X) = Z(l — (m) )(Ak(x) + A_i(x))
k=0
and
el .— ;R(a) _ ;R(a) for m — 1.2.3 @1
" '_1—('"_“)05 2m (2m+1)01_1 m =125 .... .
2m+1 m+1

Lemma 2.1. Under the conditions of Theorem 1.4, there are constants ¢,C > 0
such that

1 ooy < ¢ 1 e 2.2)

and
1Sn (s pyw S C U fllpyw Jor n=12,... (2.3)

hold.

Proof. Let S«(f) := Sx(f.x) := supgsq [Sk(f; x)|. Then using Theorem 4.16
of [33] we obtain

1S (. py,o = IS+ (Dpy0 = C U1 peym-
For (2.2) we use extrapolation Theorem 3.2 of [33]. For any p > 1 we have ([18])
I1f1

and [33, Theorem 3.2, (3.3)] is satisfied for p = pg = g and g(x) = p(x). There-
fore (2.2) holds,

po =Clflpw

1 lpcye < €1 oy - o

Remark 2.2. Under the conditions of Theorem 1.4, it can be easily seen from (2.2)
and (2.3) that there exists a constant ¢ > 0 such that

Lf = SnC. Dy < CEn(Fpero = En(Hpre-
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Under the conditions of Theorem 1.4, using (2.3) and the Abel transform, we get

IR (£ ) pcyw < fllpye fornm=123..... xeT, feLl®
2.4
and therefore (2.1) and (2.4) imply

10 (£ ) lperw < flpyw form=1273,....xeT, feLb".
From the property
1 2m

O (f)(x) = (k + 1% —k*] Sg(x, f)
* Zk =m+1 [((k + )% —k¢] k=zm:+1 [ ] -

forxeT,feL1

it follows that
0N (Ty) = T, (2.5)
where T,,, € T, form = 1,2,3,....

Lemma 2.3. Under the conditions of Theorem 1.4, if T, € T, and o € RY, then
there exists a constant ¢ > 0 independent of n such that

1T, 500 < et 1Tallpy.o

holds.
Proof. Without loss of generality one can assume that [|7,||,(.) , = 1. Since

n

To= Y (k) + A0, = 37 [(Ak) — A4/

k=0
and
T(a) n
(in)? Z K [(Ag (x) — A (x))/n®] .
we have by (2.4) and (2.2) that
’f C ~ C
R ()| = el Tbos = 6 W Tilbow =
Q)

and by Lemma A

<c.

p(),®

()
@ (In
H K ((in)a)
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Hence by (2.5)
(@)
T,
||Tn(a)||p(-),w =n* 91(5)(#)

A general case follows immediately from this. o

<en® | Tull ey -
p(-),®

Lemma24.Ifp € § Olog(T) w € Ap)(T)and f € W p() , then there exists a
constant ¢ > 0 such that forr =1,2,3,... and > 0

Qr(fv 8)p(-),w = CSZQr—l(f”’ 5)17('),0)
holds.

Proof. Putting
2o = T — An) S,
we have =
(I — An)g ) = f[(l — A S ()
and -

hi1/2
[T = An) r) = - i RCCRTER

i=1 —hi/2

hi/2 p2t
= "(x + s)dsdudt.
2hl / [ /—u/2 ( )

Therefore from (1.3)

[T = An)f(x)

i=1

()0

c { h1/2 p2t
< — sup /
2h1goeL§’,;") T

g’ (x + s)dsdudt

o(x) |go(x)| dx

/ 120(0)[7 ™) dx < 1}
T

—u/2

hi1/2 2t u/
=50 / / / g"(x +s)ds du dt
2 —u/2 PO
¢ 2 " _ 20 ./
= m . /0 u ||g ||p(~),a> dudt = Chj ||g Hp(-),w‘
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Since
,

g'(x) =[] —An) "),

i=2

we obtain

(£ 8w =C s M g" |00

0<h; <6
i=1,2,...,r
r
=c8? sup (U = Ap) ")
i=23,.r " ()
r—1
=c8®  sup U = AR ) ()
O<h;<8 |;= ()0
i=12,..,r—1 ’
= C8Q-1(f".8)p()0
and Lemma 2.4 is proved. |

Corollary 2.5. If p € J’i’g(T), w€ Ap)(T), r=1,2,3,...,and f € sz(f) »’
then there exists a constant ¢ > 0 depending only on r and p such that

Qr(£.8)p(r0 < 2 1L P p )0
holds for § > 0.

Lemma 2.6. I p € PX(T), w € Ap(y(T),n=0,1,2,..., T € T and r € RY,
then there exists a constant ¢ > 0 depending only on r and p such that

1 c
(r)
o (1) = il W o

holds.

Proof. First we prove thatif 0 < o < 8, a, 8 € R™, then

Qp(fo)p)e = cQalfi)p(),0- (2.6)

It is easily seen thatif &« < B, &, B € Z™, then

Qp(f. )prow =@, B, P)QL(f.)p(),0- 2.7)
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Now, we assume that 0 < ¢ < 8 < 1. In that case, putting

O (x) := o3 f(x)

we have
D(x)
0 (B—a\ 1 h/2 h/2
=Z(—1)J ) —/ / O(x +uy +---+uj)duy - du;
= JoJh Jnpa Jony2

_ [ele] N ﬁ_a L h/Z.” h/2
Z( b ( J )hf /—h/z /—h/z
h/2 h/2
|:Z( 1)k(a)hk/ SO +ur+--+uj

h/2 —h/2

tujpr+ o ujpp)dur - dujdujg "'du,j+k:|

BN (,3 ) (k)

h/2 h/2
h1+k / SO tuy -y )du - dujge

h/2 —h/2
h/2 h/2
=Z( 1)“( ) / - SO F+ur 4+ Fuy)duy - duy
h/2 —h/2
= fo(x) a.e.

Then by (1.6)

”Oh AC )”p( BRO) ||0}/?_“q)(,)”p( 0 — 6”011 f(')”p(~),w
and
Qa(fo)p)o = cQalfi)p(),0- (2.8)

We note that if 71,7 € Z1, a1, B1 € (0,1), taking o := r; + ay, B :=r2 + B1
for the remaining cases r;y = rp, &1 < By orry < rp, ¢y = Brorry < ra,
a1 < B, it can be easily obtained from (2.7) and (2.8) that the required inequality
(2.6) holds.
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Using (2.6), Corollary 2.5 and Lemma 2.3, we get

1 1
n+1)p0)0 n+1/p0)0

L e
<e(iy) 1

(n+ DI O

Cc
< —_—
T (n+ 1)2[r1

177

(n + 1)’ r()e

which is the required result. o

Definition 2.7. For p € P(T), f € L2, § > 0and r = 1,2,3,... the Peetre
K-functional is defined as

), — (
K@. f: LP P( )s 0)) T gEVlVI;{)!w {”f - g”p(-),a) + 8”g & ”p(-),w} - (29

Theorem 2.8. I p € PLE(T), w € Apy(T), r =1,2,3,..., and f € LE®, then
K%, f; LSJ(T), sz(r) »)in (2.9) and the modulus 2, (f, 5)1,(.),@ are equivalent.

Proof. Ith € W2’ () , then we have by Corollary 2.5 and (2.9) that

(£ 8)pr0 = If = llpeye + SZINACT (0
<K@, fi LD W2 ).

Putting

. L, §/2 p2t puf2 ,
(Lsf)(x):=36 g'(x+s)dsdudt forxeT,
o Jo J-u/2

we have
d? c
WLaf = 5—2(1 — Ag) f

and hence
2r

d x2r
On the other hand, we find

Lyf = 82,(1—A5) for r =1,2,3,....

§ p2t
1Ls S 1y < 3573 /0 /0 A ey it dt <[]y m-
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Now, let Fy =1 — (I — L})". Then F{ f € W/, and

d2r

<
¢ dx2r

(),

dx2r F8rf

d2r
| L5y

C
e = 5or (I = A48)" fllp).0

C
= STQr(fv 8)17(-),(0'

Since
r—1 )
I-Ly=(I-Lg) ) Lj.
j=0
we get

|7 = LHg| )0 = 1T = Ls)gllp)0

8 p2t
<3¢873 /O /0 U [(I = AW)E ()0 du dt

<c sup ||(I— cA)u)g”p(-),w'

o<u<§

Taking into account

1/ =F f o = 1T =L Fl oy

by a recursive procedure we obtain
|/ = F e = sup [T =ADUT =L ] 00
’ 0<t1 <68 ’

<c sup  sup [[(1 = Ay — AR =LY 2]

0<t1<6 0<tr<§ p().0
r
<C sup |JJU=ApSO) = CQr (£ 8)p()0
2740, is PO
and the proof is completed. |

3 Proofs of the main results

Proof of Theorem 1.2. First of all we note that by (1.5) and Theorem 3.2 of [33],
the condition

070 € A utay (T) for some po & (1, pa(T))
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implies that w € A,(.)(T). We set Ai(x, f) := ay coskx + by sinkx. Since the
set of trigonometric polynomials is dense in L', for given f € Lf,’,(') we have

En(f)p()w — 0 as n— oco.
By the first inequality in Remark 2.2 we have

f) =) Alx, f)

k=0
in ||| ), norm. For k =1,2,3,... we know that

anr  on anr  om
A = - _ = i -
(x, ) akcosk(x—i- 5 5 )+bk51nk(x+ 3 5 )

:Ak(x+ozl—z,f)cosa7n+Ak(x+%,f) sin%

and

Ak(x,f(“)) :k"‘Ak(x+ Z—Z,f)

Therefore

k=0 =1

o0
(051 ol ~
+sin— > Al x+ 5.
) "(x 2k f)

k=1

o0
o _
= Ao(x, f) + 0057];k "‘Ak(x,f("‘))

o0
.am — (o)
+s1n7 Zk Ar(x, 1)
k=1
and hence

— 1
SO = Sulr. f) = cos T 37 LAk /@)

k=n+1

o0
o 1 ~
in —— — ()
+ sin 5 E kaAk(x,f oN.

k=n+1
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Since
Do Ak(x, @)
k=n+1 ~
= 2 K[ SO = FOO) = (S (L S @) = F O]
k=n+1
= Y (K= (k+ D)T)Sk(CL )= f@)
k=n+1
—(n+ DTS ) = £@()
and

Dok A @)= D kT =k + DTS S @) = FO)

k=n+1 k=n+1

— (4 1) (-, [@) — @),

we obtain

1) = SnCs Op),o
< D K —(k+1D7)

k=n+1

Sk S =190

+m+1)7°

SiC. ) =190

+ > (k= (k+ 1))

k=n+1

GRSl ORI EICIC]

SeC S =790

p()aw
o0

< C[ D kT =k + DT E( )p0

k=n+1
+(n+ 1)‘“En(f(“))p(-),w]
+ C[ Z (k™% — (k + 1)“")Ek(f(°‘))p<-),w
k

=n+1

+(n+ 1)—“En(f(“))p(.),a,].
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Consequently, from the equivalence in Remark 2.2 we have

/) =Sal. Plpe)ew
c[ Dok =k + D)+ + 1)‘“}
k=n+1
X {Ek(f(a))p(-),w + En (f(a))p(-),w}
< cEn(f“‘))p(.),w[ Yok =+ D))+ + 1)—“}
k=n+1
(@)
_( +1)a n(f )p()w
and Theorem 1.2 is proved. |

Proof of Theorem 1.4. First we give the proof for r € ZT. Incase g € sz(r )
we have by Corollary 2.5, (2.9) and Theorem 2.8 that

En(f)p(~),w = En(f - g)p(~),a) + En(g)p(~),w
= [1f = &lpro+ 0+ D1 lp00]

<cK((n+ )72 f1L2O W2 )

<cQ, N
=¢ (f + 1)p(~),w

as required for any r € Z™T. Therefore by the last inequality and (2.6) we get

1
En (f)p(-),w = CQ[r]-H (f nr 1)

()0

<cQ, f— , n=0,1,2,3,...,
n+1/p0)0

and the assertion follows for general r > 0. o

Proof of Theorem 1.5. Let T, € T, be the best approximating polynomial of the
function f € L(ﬁ(') and let m € Z*. Then by Remark 1.1 (ii)

1 1 1
Q fF—— <Q — Tom, + 2\ Tom,
r(f n+ l)p(),w r(f 2 n—+ l)p(.)’w r( 2 n+ l)p(.),w

1
< cEym . + Q| Tam, .
2 (f)p()0 r( > n+1)p()a)
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By Lemma 2.6 we have

1 L\ o
(1 51) o =< (i) 1o

Since
m—1
O =100+ Y AT 0 -1}
v=0

we get

p(~),w}'

1 c ) = ) )
Qr(sz’ n -+ l)p(-),w = (I’l + l)r {“ Tl ”p('),w + 1;)” T2”+1 T2”
Lemma 2.3 gives

|7 - Ty

prw =27 Tt = Tov |5,

< 2" Ep (f)p()0

and
17700 = 117 =167 .0 = EoHporo-
Hence
ot <l mons B asinen)
A PO @+ e v=0 sy

It is easy to see that

2\)
2 B (Mo =€ Y0 W T ELM e V=123
u=2v—141

where

.« J2tL 0<r<1,
R PR
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Therefore

1 c
Q Tm, < E . 2rE '
r( > + 1)17(,)’(0 ~(n+ 1)r{ o(f)p(r0 + 1()p()0

2V

Y Y u'—lEM(f),,(.),w}

v= IU' 2v— 1+1

2m
=< (n—i—l)r{EO(f)p(')’w + /; Mr_lEu(f)p(~),w}
2m—1

= (n—l—l)’ Z(V+1)r 1Ev(f)p()a)

If we choose 2 < n + 1 < 2™+ then

1
Q| Tom, ) 'E ,
r( 2+ l)p('),w (n+ 1r Z(H B0

Exm(f)p()0 < Eam—1(f)p()0

¢ - r_
< W_—l)r;(v +1) lEv(f)p(.),w.

the last two inequalities complete the proof. o

Proof of Theorem 1.10. For the polynomial 7;, of the best trigonometric approxi-
mation for f € LP Y we have

| T = Tai | .00 = 2E2i (N)p()0

and from Lemma 2.3 it follows that

I - 132

2it1 <20tV Ey, ()

p()aw
Hence

0o 0o
DTt = Tailye =3I =T |0 + Z”TZ’*' Ty
i=1 i=1 i=1

o0

<c Z m“_lEm(f)p(.)’w < 0.
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Therefore
“T2[‘+1 — Ty HW;.[(‘M) —0 asi — oo.

This means that {7, } is a Cauchy sequence in Lf)('). Since T,; — f in Lf)(') and

Wp“(_),w is a Banach space, we obtain f € Wp"‘(_)’w.

On the other hand, since

1@ = Su(f )y = [Sams2(f ) = Su(F D] 5.0

o0
+ Y [Sae1 (£ = S (F )0
k=m+2
we have for 2™ < n < 2m+1
[Sams2(£ ) = Su(f D 10 = 27T En(F)pr0
< C(n + 1)aEn(f)p('),w‘

Thus, we find
(e e]
S 181 (F@) = Sk (S
k=m+2
o0
<c Y 26TE (e
k=m+2
00 2K
=c Z Z /La_lEu(f)p(-),w
k=m+2 y=2k—141
[e.°]
=c Z va_lEv(f)p(.),w
y=2m+1l41
o
=c Z Va_lEv(f)p(-),a)
v=n+1
and Theorem 1.10 is proved. o

Proof of Theorem 1.12. 1In the case of o = 0 the result follows from Remark 2.2
and the property S, (f) € Tn:

If = Sn(pr0 = CEn(fp)0-
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For o > 0 we set

1

2n
Wo(f) := Wylx, f) := 1 D Sy(x. f) forn=0.1.2.....

Since
Wa(-, f@) = WO, f),

we have

| £ @) =S, Doty

IA

[ £ = Wals £ 0
+ SO Wl ) = S Nlpym
+ W@ ) = SO C Wl o
=1+ I+ Is.

In this case, from the boundedness of the operator S, in L z(') we obtain the bound-
edness of the operator W}, in Lf,(') and there holds

L= D0 =G Dy e + 180G f Y =Wl F )]0
< CEa(f)prw + [Wa (. Sa(F ) = F )]0
=< CEn(f(a))p(-),w-

From Lemma 2.3 we get

I < Cna”Sn('aWn(f)) - Sn('vf)”p(.)’a,

and

I3 < e [ Wal. ) = SuC Wa Dy < €@ EnWa(f (.00

Now we have

1SnC Wa () = Su(-. D)y = IS C W) =W, Oy 0
+ [ Wal. )= Ol y0
+ /O =8aC D piyo
S cEn(Wn(f)pr0 T CEn(f)p()0
+ cEn(f)p()0-
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Since
En(Wu(Npro < CEn(f)p(),0-
we get
[F 90 =8$2C. N0 = Bl pero + en EnWa(N)poro
+cn”En(f)p().0
+c2n)* En(Wn(f)p()0

<cE, (f(a))p(-),w + CnaEn (f)p(-),w-
Since by Theorem 1.2

c
En (f)p(’),a) < mEn (f(“))p(,)’ws
we obtain

[790 =520 Dl = EnlF 0

and the proof is completed. o
Proof of Theorem 1.13. Let > pe_ o Ck (g)e'*? be the Fourier series of the bound-
ary function g of f € HP)(D), and S,(g.0) := > ke Ck (g)e'*? be its nth
partial sum. Since g € H' (D), we have ([13, p. 38])
0 fork <0,
ck(g) =
ne(f) fork >0.

Therefore

=g = Sn(&: Mp()w (3.1)
r(),w

H @)= me(f)z*

k=0

If 77 is the best approximating trigonometric polynomial for g in Lf,('), then from
(2.3), (3.1) and Theorem 1.4 we get

Hf(Z) - Z ﬂk(f)Zk = ||g - t: ”p(-),w + HSn(g - l:, ) ”p(-),w

k=0 ()@
<cE, (g)p(-),w =cEky (f)p(~),w
1
cen (1)
n+ 1 p00
and the proof of Theorem 1.13 is completed. o

Some of the above results can be extended to the complex case.
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4 Polynomial approximation in E2 (')(Go)

Let Go and G, be, respectively, the bounded and the unbounded components of a
closed rectifiable curve I" of the complex plane C. Without loss of generality we
may assume that 0 € Gg. Let w = ¢(z) and w = ¢1(z) be the conformal map-
pings of G and G¢ onto the complement D, of D, normalized by the conditions

p(00) =00, lim ¢(z)/z >0
Z—>00

and
©1(0) =00, lim zgi(z) > 0,
z—>0

respectively. We denote by ¥ and /1, the inverse mappings of ¢ and ¢, respec-
tively.
Denote by & (I") the class of Lebesgue measurable functions p = p(z) : I’ —
(1, 00) with 1 < p«(T) :=essinfzer p(z) < p*(T) := esssup,r p(z) < oo.
Let p € P(I") be a bounded measurable function and let w : I' — [0, o] be a
weight with
{teT :w() =0} =0.

For these p and w we denote by Lé’,(')(F) the class of functions f : I' — C for
which

[ L (@a(2)?@ |dz] < oo.
T

The space Lap)(')(F) is a Banach space with the norm

. f(@o(z)|P@
Top()0 i=;g{){ /F I dz| < 1y

o
If p and w are as above, the set of bounded rational functions defined on I is dense
in L2O/(T) (cf. [31]). If 1 < px(T) < p(z) < p*(I') < coforz e Fandw = 1,
then the space L5’ (I") coincides with

I/

{f : ' [ e

<ooforallg e LY (')(F)} ,

where p'(z) := p(z)/(p(z) — 1) is the conjugate exponent of p(z).
We define for p € #(I') and a weight w

ELO(Go) = {f € EX(Go): f € LEO(T)},

ELO(Goo) 1= {f € E'(Goo) : f € LD (D))
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and
EED(Goo) i={ f € ELO(Goo) 1 f(00) = 0},

where E?(X), 1 < p < 00, is a Smirnov space of analytic functions defined on a
simply connected domain X C C. If p(z) = p is constant, then E£(')(X ) coin-
cides with a usual weighted Smirnov space on X.

Basic approximation problems in the spaces E?(Gg) were proposed by several
mathematicians. Walsh and Russel [46] gave the results in E?(Gyp), 1 < p < oo,
for polynomial approximation orders in the case of an analytic boundary. Al’per [6]
proved direct and inverse approximation theorems by algebraic polynomials in the
spaces E?(Gy), 1 < p < oo, for a Dini smooth boundary. Kokilashvili [28] im-
proved Al’per’s direct and inverse results for algebraic polynomial approximation
and, assuming that the Cauchy singular integral operator is bounded (corners per-
mitted), he obtained the improved direct and inverse approximation theorems in
the Smirnov spaces E?(Gy), 1 < p < oo ([30]). Andersson [7] proved that Koki-
lashvili’s results also hold in E1(Gg). When the boundary is a Carleson curve, the
approximation of functions of E?(Gy), 1 < p < oo, by the partial sum of Faber
series was investigated by Israfilov in [19] and [9]. These results are generalized
to the Muckenhoupt weighted case in [20] and [21]. The approximation proper-
ties of Faber series in so-called weighted and nonweighted Smirnov—Orlicz spaces
are investigated in [29], [15], [26], [2], [3], [22], [4] and [23]. Most of the above
results use the partial sum of Faber series as approximation tool.

In this section we prove the main theorems of approximation, respectively, by
algebraic polynomials and rational functions in the weighted variable Smirnov
spaces Eg(')(GO) and 55(')(Goo).

A smooth Jordan curve I" will be called Dini-smooth ([37]) if the function 6(s),
the angle between the tangent line and the positive real axis expressed as a function
of arc length s, has the modulus of continuity €2(0, s) satisfying the Dini condition

§
Q
/ (G’S)ds<oo, 8> 0.
0

N

If T is Dini-smooth, then ([47])
0<c<|y'(w)|<C<oo [uw=]1, 4.1)

with some constants ¢ and C. Similar inequalities hold also for y; and ¢ in the
case of |[w| = 1 and z € T', respectively.

Let J’i’g(f‘) = {p € P(I) : p satisfies (1.4) with the replacements x; — z,
Xp > zpand T — T'}.

AUTHOR'S COPY | AUTORENEXEMPLAR



AUTHOR'S COPY | AUTORENEXEMPLAR

228 R. Akgiin

For given p € #(I) the class of weights w satisfying the condition

1

] P ses(r BI”” [” @1

< o0

0@ g () p()

‘ 1

is denoted by A4,(.)(I"). Here pp := (I}TI [z ﬁ |dz|)~! and
BT) :={B(z,r)NT : B(z,r)isaball in C of radius r withz € T'}.
For given f € L2Y(T') we define
fo@®) = fW ). fie®) = f(e”) forbeT
and
wo(e?) := o (e?), wi1(e?) :=wWi(e?) forbeT.
Remark 4.1. If T is Dini-smooth and f € L2)(T"), then
(i) the functions fy(e®)and f1(e%) belong to L2,
(ii) the conditions w € A,(.)(I') and wg € A,(.)(T) > w; are equivalent,
(iii) the conditions p o ¥, p o Y1 € e7:’j;’g(T )and p € <7’?‘%@‘) are equivalent.

Ifpe fi_fg(F) and w € Ap,(.)(I"), we define a degree r > 0 of the moduli of
smoothness of f € L5"(T) as

Qr(f. S)F,p('),w = Qr(fo+a S)T,p(~),w0’ § >0,
S~2r(f’ S)F,p(-),w = Qr(f1+’ 5)T,p(~),w1 >

where the functions f0+ (t) and f1+ (¢) are the nontangential boundary values of the
functions

1 t 1 t
foFw) := —/ So® ;.. firw) = — O 4 e
2ni Jrt—w 2nwi Jrt—w
We set
En(f)]D),p(-),w = Pienﬂf;n ”f - P| T.p("),w"
En(g)l“,p('),w = Rienﬂgn ”g - R| L,p(),w>

where f € E£(')(]D)), g€ Eg(')(Goo), and R, is the set of rational functions of
the form Y} _o axz7*.
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Theorem 4.2. Let I be a Dini-smooth curve, p € J)i)g(F),

w P e A(%),(F) for some po € (1, p«(IN)),
0

r>0and f € Lz(')(F). Then there is a constant ¢ > 0 such that for any natural
number n

1 ~ 1
_R ‘ . SC Q ) +Q ’ ’
I = R Plipow =e {2 (£ ) oe(rg)

where Ry (-, f) is the nth partial sum of the Faber—Laurent series of f.

Corollary 4.3. Let ' be a Dini-smooth curve, p € ,‘Pi’g(f‘),

w P e A(%}))/(F) for some pg € (1, p«(IN)),

r>0and f € E£(') (Go). Then there is a constant ¢ > 0 such that for any natural
number n

1
I = P Dlpre = e 2 (Fy)
! P00 ’ n+1Jrp0)
where Py, (-, ) is the nth partial sum of the Faber series of f.
Corollary 4.4. Let I' be a Dini-smooth curve, p € !Pj:g(l"),

w PO e A($),(F) for some po € (1, px(I)),
0

r>0and f € E~£(')(Goo). Then there is a constant ¢ > 0 such that for any nat-
ural number n

~ 1
1f = Rale Dlip fcsz(f, ) ,
n :p( ),(l) r n + 1 F,p(‘)’w

where R, (-, f) is as in Theorem 4.2.

Theorem 4.5. Under the conditions of Corollary 4.3, the inequality

1 c z _
Qr(f, —) = _r{EO(f)F,p(-),a) + Y K 1Ek(f)l",p(-),w}
rp()o M

n
k=1

holds with a constant ¢ > 0.
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Corollary 4.6. Under the conditions of Corollary 4.3, if

Ev()rpe =00"%), a>0, n=12,3,...,

then
O (8%), r>a,
(L Orpere = O [logg)), r=e,
O@©"). r<a.

Definition 4.7. Let p € P15(T),

w P ¢ A(%)),(I‘) for some pg € (1, p«(T))
andr e RT.If f ¢ Eg(')(Go), then for 0 < o < r we set
Lipo(r, T, p(-), ®) = {f € EZO(Go) : Qr (£ 8)r pr.0 = O(), § > o}
and
Gpo(r. T, p(), @) i= { f € ELO(Goo) : 2o (£:9r p(r0 = OG-

Corollary 4.8. Let p € J’Eg(F),
w PO ¢ A(M)/(F) for some pg € (1, p«(I))
P
andr € RY. If f € EED(Go), 0 < 0 < r and En(f)r.p(y0 = Om™°) for
n=12,...,then f € Lipo(r,T, p(-), w).

By Corollary 4.3 and Corollary 4.6 we have the constructive characterization of
the classes Lipo (o, T, p(+), w).

Corollary 4.9. Let p € ?i)g(f‘),

w PO e A(&),(F) for some po € (1, p«(I)),

Po

O<o<rand f € EC‘Z(')(GO). Then the following conditions are equivalent:
(@) f eLipo(r,T, p(-), w).
®) Ex(Tp() =00 %), n=1.2,....
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The inverse theorem for unbounded domains is formulated as follows.

Theorem 4.10. Under the conditions of Corollary 4.4, there is a constant ¢ > 0
such that for every natural number n

~ 1 c [ ~ " 1~
szr(f, —) < —{Eo(f)r,p(-),w FY R 1Ek(f)1“,p(-),w}
Fap(')aa)

r
n n fad
holds.
In a similar way as for E5 © (Go) we obtain the following corollaries.

Corollary 4.11. Under the conditions of Corollary 4.4, if
Ex(f)Mre=00m"%, «a>0 n=1273...,

then
0(5%), r>a
Qr (£ p0re = |06 Jlogz]). r=e.
(9(87')’ r < «o.

Using Corollary 4.11 and Definition 2.7 we get

Corollary 4.12. Under the conditions of Corollary 4.4, if
En(N)Tpyw =007, 0>0, n=1203,...,
then f € Lipa(r,T, p(-), »).
By Corollary 4.11 and 4.12 we have

Corollary 4.13. Let 0 < o < r and the conditions of Corollary 4.4 be fulfilled.
Then the following conditions are equivalent.

() f eLipo(rT, p(),w),

®) En(f)T,p()0 =00 %), n=1,2,3,....

Remark 4.14. We note that the proof methods of these results are similar to those

of given in [23] and [1], and for the proofs we use the following facts:

(i) ([33]) If T" is a Dini-smooth curve, p € {Pi)g(I‘), w PO e A(m),(r) for
some po € (1, p«(T)) and f € LEO)(T), then 7o
1St f o0 = €N lpym

where St is the Cauchy singular integral operator on I'.

G If p e J’Eg (T) and w € A, (T), then the class of continuous functions is

dense in the space L5"".
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