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Abstract: In this paper the commutator subgroups of the affine Weyl;gm‘uypeén,l (n > 3) and the triangle Coxeter groups are

studied. Also it is given all power subgroups of the affine Ygpup of typeﬂn,l (n > 3). We should note that, as in our knowledge,
although the concept of this study seems in pure mathemétissknown that affine Weyl groups have a direct relatiopstetween
discrete dynamical systems and Painlevé equationsl@). [

Keywords: Coxeter group, commutator subgroup, power subgroup, Resger-Schreier.

1 Introduction use the Reidemeister-Schreier method (for more detail
about this method, sef@4]). This subgroups have been
A Coxeter group, named after H. S. M. Coxeter, is anstudied in detailed in€,11,12] and [17] for Hecke and
abstract group that admits a formal description in terms oféxtended Hecke groups which are special Coxeter groups.
mirror symmetries. Coxeter groups were introduce{8jn ]
as abstractions of reflection groups. These groups find , Thecommutator subgroupf a groupG is denoted by
applications in many areas of mathematics. Examples of5 and defined by < [g,h] ; g,h € G >, where
finite Coxeter groups include the symmetry groups of[g,h] = ghg *h~1. SinceG is a normal subgroup o,
regular polytopes, and Weyl groups of simple Lie e can form the factor-grou/G which is the smallest
algebras. The triangular groups corresponding to regulagpelian quotient group os. Now let k be a positive
tesse”a.tions of the EUC"dean plane and the hyperbOIiQnteger_ Let us defin@k to be the Subgroup generated by
plane, and the Weyl groups of infinite-dimensional the k" powers of all elements of the groud. So the
Kac-Moody algebras can be given as examples of infinitegroup Gk is called thek!" power subgroupf G. As fully
Coxeter groups[9)). Also it has been interested to obtain jnvariant subgroups, they are normal @ In [18], the
some solutions for the decision problems in Coxetergythors studied the commutator and the power subgroups
groups (cf. 1.3)). of Hecke groups. Actually, our results in here can be
In this paper we are interested in the affine Weyl thought as the generalization of the theories in reference
groups of typeAn-1, Ch-1 (n > 3) and the triangle [1§].
Coxeter group. These groups have been studied
extensively for many aspects in the literature. Affine Weyl At some part of the rest of this paper, for a good useage
groups, in particular, play a crucial role in the study of of space of the text, we will not use the notatian> to
compact Lie groups §,5]). But, in here, we concern with  define a presentation of related structers. We will give our
these groups from the point of abstract group structureesults in seperate sections under the name of Affine Weyl
and find commutator subgroups of them and powergroup of typezxn_l. Affine Weyl group of typef;n_l and
subgroups ofA,_1. To obtain this kind of subgroups we Triangle Coxeter group.
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2 Affine Weyl group of type An_1

The affine Weyl group of typ&,_1 (n > 3) is actually an
irreducible Coxeter groupvhich the Coxeter graph is a
polygon withn vertices [L5]. A presentation (let us label it
by (1)) for An_1 is defined by the generataas, ap, - - - ,an
and the relators

af=1 (1<i<n),
(@a1)°=1 (1<i<n-1), (ma)°=1,
and
(@aj)?=1 (L<i<j-1<n, (i,])#(Ln),
In [1], Albar showed that
An 127V 1xS,

whereSis the symmetric group of degree Then in[2],

Albar et al. proved howA,_; appears naturally as a
subgroup of the natural wreath prodWgt= ZS,. Again
in [1], the author pointed out the isomorphism

An1/A, 1=<aja=1>~C,

and so the inde*&n_l : f&'nfl’ =2.Bytaking{l,a} is a
Schreier transversal fof&'ml and then applying the

On account of the power of relations(ih), it is easily seen
thatAn_1/A% = A1 and thusA® = {1},

Now assumet = 6s; +2, s > 0 and consider the
following presentation for the group\n 1/A652Jr2 As
previously the generators arey,ap,---,an while the
relators are

(@a1)=1(1<i<n-1), (man)’=1,
(@a)*=1(1<i<j-1<n, (i) #(Ln),
Fr=1(1<i<n),
(@a1)*2?=1(1<i<n-1).

Since(aa;,1)%2%? = (g 1) =1forall 1<i<n-1,
we havea; = g1 (1 <i<n-—1). Hence we get

An 1/A%22 —capal —1>2C,.

So by considering Theoreni, we deduce that
Ag521+2 = Z\n ;. Similarly, one can apply same progress
fort = 6s,+ 4,5 > 0, and so obtail 2 = A' .

Until now we have investigated even power subgroups
of An_1. On the other hand the odd power subgroups of

A,_1 can be classified as in the following.
Lett =23+ 1, s3 > 1. With respect to this case, we
obtain the following presentation (having generators

a1,a, - ,an) for the groupA,_1 /A%

Reidemeister-Schreier process, the following result is

obtained.
Theorem 1[1] The commutator subgroup of the affine
Weyl groupAn_1 (n > 3), sayA'n 1, is presented by
bn 1; b3_b2 b2 ,(1<i<n-—2),
(b.b‘) (1< <J—1<n 1) >

As a generalization of th|s~ab0v~e result, we will find
a presentation for the quotieAt,_1/AL ; (t € Z*) by
adding relation®® =1 to the presentation #n 1 given
in (1) for all relationsRin Ap_1.

< b17b27 o

Iheorem 2L et f&gfl (n > 3) be the power subgroup of
An_1. Then

An 1—{

ProofLet us first assume that= 6s;, wheres; > 1. Then,
for the group An,l/Agill, we get the generators
ai,ap, - ,an While the relators
a=1(1<i<n),
(@a1)®=1(1<i<n-1), (aman)’=1,
(@a))>=1(1<i<j—1<n and (i,j)#(1,n),
a® —1(1<i<n),
(@a11)™ =1(1<i<n-1)

{1} ;t=6s,s>1,
Ay t=6%+20rt="65+4,% >0,
An_1; otherwise

1(1<i<n),
(nan)®* =1,

& =
(aay1)®=1(1<i<n-1),

(@a)’=1(1<i<j-1<n, (i,)) # (L),

a?l—1(1<i<n),

(@@ )t =1(1<i<n-1).
Slncea1s3Jrl =a? =1, foral 1<i<n, we clearly

havea, = 1. Hence we obtaif,,_ 1/AZS3+1 = {1} and so

A253+1 =An1.
Hence the result.

3 Affine Weyl group of type Cp_1

The affine Weyl group of typ@:n,l (n > 3) is another
infinite irreducible Coxeter groumand, according to the
[3], it has the following presentation:
Cn 1—<Y17YZ7 "'7Ynay2 1 1<I<n)
(yiyj) =1(1<i<j—-1<n-1),
(ivi+1)}=1(2<i<n-1),
(yay2)* = (Yn-1yn)*=1>.
Let us label this above presentation(2y.

A simple calculation shows the(fz is the triangle
group J(2,4,4) which is one of the Euclidean triangle
groups. In[3], the authors proved that

Cho1=DY xS, 1,

(@© 2016 NSP
Natural Sciences Publishing Cor.
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where.# denotes the infinityD ~ is the infinite dihedral
group andS,_1 is the symmetric group of degree- 1.
The main result of this section is as follows:

Theorem 3The commutator subgroup of the affine Weyl

groupCp_1 (n > 3), sayC,, ,, is the free product of four
cyclic groups of ordeP. In other words,
E/n—l = C2*C2*C2*C2.

Proof We adjoin the commutator relationgy, = Yk
(1 <k <1 <n) to the presentatio2). This gives us a

presentation forC, 1/C/,_, of which order gives the
index. Then we have

Cn-1/Ch1=<YL¥2, - Yn;¥2=1(1<i<n),
(Vivir)®=1(2<i<n-1),
(yiyj)?=1(1<i<j—1<n),
(Yy2)* = (Yn-1yn)* = 1,

(W )?=1(1<k<l<n)>.
Since(yiyir1)®=1(2<i<n-1)and(yy)?=1(1<

k<1< n)we have(yiyi11)® = (Viyiz1)> =1 for2<i <
n—1. Thisimplies thay; =viy1 (2<i<n-1). Therefore

énfl/ég—l =< y17y2;y27y27 (y1y2)2 >=C x Cy.
Thus

Cn1: 6;1_1‘ = 4. Let{1,y1,y2,y1y2} be a Schreier

transversal fof:/n_l. Applying the Reidemeister-Schreier
process we obtain all possible products as follows:

Slyl =y1.y1=1, S)’lYl = y%y% =1

Sy, =Y2.¥2 =1, Sy, = Yay2-y2y1 =1,

Sy =Yi-1=Vi, Shy = Yayiva,

Soyn =YaYiYiY2 =1, Spyy = YiYaY1Yiyay1 =1,
Spy, = y%y% =1, Siyaye = Yﬂé-ygﬁ =1,
Spyi = YaYiYz, Siyoy = Y1Y2YiYaYi,

where 3< i < n. For convenience, let us label the
generators obtained in above as in the following:

y3:X15 y4:X25"' aYn:Xn—Za
Y1YaY1 =21, VYiYaY1 =122, -, Y1YnY1 = Zn-2,
Yoysye =11, Yoyayo =12,---, Yo¥nY2 = th2,

Y1Y2Yy3yay1 = M,  YiYaYyay2y1 = np,---
s, Y1Y2YnY2Y1 = Mh—2.

Then by using Reidemeister rewriting process we get the

defining relations as follows:
T(YiYi) = Sy Sy, = Y|2 = Xi2—2 (3<i<n),
T(ViYir1Yi¥i+1¥iYi+1) = Siy Sy, 1Sty Siyi 2 Sty Sty
= (Viyi+1)® = (Xi—2%-1)°
3<i<n-1),
T(YiYi¥i¥j) = Siy; Siy; Sty Sy,
= (yiyj)? = (Xi—2Xj—2)*
(3<i<j—1<n-1),

T(Yn—1YnYn-1YnYn-1¥n¥n-1¥n) = Siyn 1 Styn Styn 1 Styn
Sn-yn— 1 Slyn Sl)’n— 1 Sl)’n

= (Yn71Yn)4 = (Xn73xn72)47
T(Y1YiYi¥1) = Sy Sy Sy = (Yayiy)? =7, (3<i <n),

T(Y1YiYiraYiYiraYiYie1Y1) = SuyiSayi Say
Shyi +1 S\/1)/i Shyi +1 S/lyl
= (Yayiyayayiray1)®
= (z-2%-1)°
(3<i<j—1<n-1),

T(YaYiYiYiYiY1) = Suy Sy Sy Say; Sy
= (YiYiy1.y1yjy1)?
=(z-2z2)> (3<i<j—1<n-1),

T(Y1Yn—1YnYn—1YnYn-1¥n¥n-1¥nY1) = Siyn 1 Sve Savn 1 Save
S/1yn71 S)/lyn S)/lyn—l
S/1yn S/lyl
= (Y1¥n-1Y1-Yoyny1)*
= (Zn-3Z0-2)",

T(Y2YiYiY2) = Sy Sy Sy, = (YZYiYZ)Z = ti272 (3<i<n),

T(Y2YiYi+2YiYi+2YiYi+1Y2) = Syay Siavi1 Sy Sravia Sian

S/zyiﬂSS’z}’z

= (Y2Yiy2-Y2Yi+1Y2)3

= (ti_oti—1)3
B3<i<j—-1<n-1),

T(Y291YiY1YiY2) = Sy Sy Savi Siay; Siays

= (Y2YiY2Y2yjy2)?

= (ti_otj_2)?
3<i<j—1<n-1),

T(Y2Yn—1YnYn—1YnYn-1YnYn—-1¥nY2) = Spavn 1 Sy Sy 1 Syayn
S’ZVn—l S5’2yn S’ZVn—l

S5’2Vns5’2y2
= (Y2¥n-1Y2.Y2Yny2)*
= (tn—3tn—2)4,
T(Y1Y2Yi¥iY2Y1) = Spayovi Savav Srayave Sy
= (yay2yiyayr)® =¥ , (3<i <n),

T(YLY2YiYi+1YiYi+1YiYir1Y2Y1) = Suyon Siayavisa Sayayi Sayovi 1
S5’1V2yi S\/lyzyi +1 S\/1)’2)/2 S\/1)/1
= (Y1Y2¥iy2.Y1y1YaYis1Yay1)®
= (m_om_1)*
(3<i<j—1<n-1),

(@© 2016 NSP
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T(YLY291YiYiYi¥Y2Y1) = Spyovi Syay; Sayoy

5*/1)/2)/1 S\/lyzyz 85’1)’1

= (Y1Y2YiYaY1.Y1y2YjYay1)?

= (M_omj_p)?
B3<i<j-1<n—1),

Yn-1YnYn-1YnY2Y1) =
. %’1y2yn—1 Shyzyn
S\/lyzyz 85’1)’1
= (Y1Y2¥n-1Y2Y1-Y1y2Yny2y1)*
= (My_3My_2)*.

T(Y1Y2Yn-1YnYn-1Yn Siiyayn-1Smy2yn

Hence we obtain the following presentation for the

subgrouan_l. The generators are
Xp’ Zp’tp7 mp7

and the relators are

=z =ti=m(1<p<n-2),
(XpXpr1)® = (Zp2p42)° = (tptpr1)® =
(Mpmp41)® (1< p<n—3),

(Xp%q)? = (2pZq)” = (tptg)” = (Mpmg)?
(1<p<g-1<n-3),

(Xn-3%n-2)* = (zn-3202)* =
(th—ath—2)* = (My_amy_2)*.

Let us takep = n— 3 for the relation(XyXp41)*. Then
we get(Xn 3% 2)* = (Xn_3%n_2)3. Hencexn ax, 2 = 1
and sox,_3 = Xn_2. Since the relatiorﬁxpxq)2 =1 holds
for1<p<g—1<n-—3andx, 3= X2, we definitely
have (xpxpﬂ)2 =1 for some 1< p < n—3. So we get
(XpXp+1)2 = (XpXp+1)?2 = 1 and thusxp = Xps1 for 1 <
p < n— 3. Similarly we obtainzy = zp,1, tp = tp41 and
mp = My 1. Therefore we get

Chi=<xztimx=Z=tf=mf=1>

and after labelingy =X,z = z, t; =t andm; = min above
presentation, it is easy to see that

6;171 2 CoxCoxCoxCy.

Consequently, the commutator subgrou;ﬁail (n>3)
is free product of four cyclic groups of order 2.
These complete the proof.

4 Triangle Coxeter group

Let us consider the Coxeter group, sa@y having three
generatorga, b, c}, and relations

a?=1,b*=1,c2=1,(ab)’ =1, (bo)9=1, (ca)’ =1,

wherep,q,r € Z, p,g,r >2 andi +1+1 <1 Letus
label this presentation by3). This group is called
triangular Coxeter group(see [LQ] for the details about
triangle groups).

Theorem 4The commutator subgroup of triangular
Coxeter group G given in presentati@®) is defined by

Gy 7 p,g,reven

; p,g,r odd and
p even, gr odd

CoxCoxCoxCy  ; p,gqeven, rodd
where G is the free product of the groups (ab)? >
(ca)? >, < (bc)?2 >, < bcacha> and < a(cb)?a >, and
moreover G is the free product of tw@2, 2, q)-generated
groups.

ProofLet us consider the presentation of triangular
Coxeter groupG given in (3). If we adjoin the relations

(ab)? = (bc)? = (ca)? = 1 to presentatioB), then we get

G/G =<ab,c;a?=10b=1,c2=1(abP=1
(be)?=1,(ca)’ = 1,(ab)* =
(bo)2=1,(ca)>=1>.

We need to investigate our aim as in the following
cases:

Case(i) p,q,r even: Assume thap,q,r > 2. Then we
get

G/G/gCZXC2><C2,

and so‘G : G/‘ = 8. Now let{1,a,b,c,ab,bc ac,abc} be

a Schreier transversal forG. Applying the
Reidemeister-Schreier process, we get all possible
products as in the following:

Sia=aa=1, Sp=hbb=1,
Sa=2a%1l=1, Sy =abba=1,
Sa = baba= (ba)?, Sp=0b%1=1,
Sa=caca= (ca)?, Sb = cb.cb= (ch)?,
Siba= abab = (ab)?, Sib= abha=1,

Sica= acac = (ac)?, S,cb = achcba= acbcba
Syca= bcacha= bcacba Syp= bche= (bc)?,
Sibca= abcacb= abcach S, = abchca= abcbca

Sc=cc=1, Sibe=abccha=1,
Sc=acca=1 S=acca=1,
Sc=bccb=1 S=bccbh=1,
Sc=0%1=1 Sype=abccha=1.

Since (ba)? = (ab)~2, (ac)?> = (ca)~2, (ch)? = (bc)~2

abcacb= (bcachg~! and abcbhca= (achchg, the
generators ofG are (ab)?, (ca)?, (bc)?, bcacbaand
a(ch)2a. ThereforeG' is defined as the free product of
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groups < (ab)? >, < (ca)? >, < (bc)? >, < bcacha>
and< a(ch)?a >.

We note that if we tak@ = q=r = 2, then it is easily
seen thaG/G = G~ C, x C; x C; and thusG’ = {1}.

Case(ii) p,q,r odd : Since (ab)P = (ab)?> = 1 this
gives us(ab)P~? = 1. Further, sincéab)P—? = (ab)? = 1
we have (ab)P~* = 1. By continuing on this process,
sincep is odd we getab= 1 and soa = b. Similarly we
obtainb = c andc = a sinceq andr are odd numbers as
well. Therefore we hava= b= c and hence

G/G =<aa?=1>~C,.

So ‘G : G" = 2. Now let{1,a} be a Schreier transversal

for G'. Applying the Reidemeister-Schreier process we get

all possible products as follows:

Sa=aa=1, Sa=3a%a=1,
Sleb.lzb, Sab:aba7
Sc=cl=c, Sic=aca

Here we takeb = x, c =y, aba=z andaca=1 as
generators foiG . Using Reidemeister rewriting process
we get the following relations.

T(bb) = SypSip = bbb =2,

7(cc) = SicSie = c.c =Y,

7(bcbe - -be) = S1pS1cS1pSIc - - - S1pSic = bebe. - - -be
(xy)4,

T(abba) = SuySupSha = abaabal= 7,

T(acca) = SicSicSia = acaacal =t?,

T(abche --bca) = SipSacSabSac - - SabSacSaa

= abaacaabaaca---abaacal= (zt)%.

Thus we obtain
G =<xyzt;)l=y=Z=t>=(xy)9=(zt)9=1>

which is clearly isomorphic to free prodcut of ty®, 2, q)-
generated groups.

Case(iii ) p,q even, r odd Sincep andq are even we
have(ab)? = (bc)? = 1 for the smallest power aib and
bc. But sincer is odd and(ca)’ = (ca)? = 1, we get
(ca)’=2 = 1 and soca = 1. Hence we obtaira = c.
Therefore we have

G/G =<aba®=h*=(ab)’?=1>=C, x C,.

Thus ‘G: G" = 4. Now let {1,a,b,ab} be a Schreier

process to get all possible products as follows:

Sa=aa=1, Sa=3aa =1,
Sp=bb=1 Sip=abba=1,
Sc=cl=c, Sic=aca
Sa=baab=1, Sipa= abaaba=1,
Sp=b2? =1, Spp=ab?.b?a=1,
S.c = bch, Sipe = abcba

We takec = x, aca=y, bcb=z andabcba=1 as
generators foG . Then by using Reidemeister rewriting
process we get the relations as follows:

1(c0) = SicSic = .0 =X,

T(acca) = SicSucSia = acaacal = y?,

(bceh) = $cShcShp = behbeh1 = 2,

T(abcebg = SyncSincSibbSia = abcbaabcebal. 1= t2,

Thus we obtain

G =<Xyzt;X =y =2 =t2=1>2CyxCpxCpxCy.

Case(iv) p even, gr odd : Since(bc)q = (bc)2 = 1
and (ca)’ = (ca)> = 1 we have (bc)9? = 1 and
(ca)™2 = 1. Sinceq andr are odd by the finite number of
steps we deduce thad = b = c¢. This gives us
G/G =< a;a? = 1 > C,. So similarly to casd¢b) we
conclude thaG' is free product of twd2, 2, q)-generated
groups.

Hence the result.

The result given below follows from Theore3rand4.

Corollary 1.Let us consider the group G given (B). If

p,q are even and r is odd, then the commutator subgroup
of the triangle group G is isomorphic to the commutator
subgroup of the affine Weyl gro@,_1 (n > 3).

5 Conclusion

The main subject in here is the Coxeter groups which
have so many applications in both pure and applied
mathematics ([3]). However the other part Affine Weyl
Groups A, taken so much interest in the meaning of
solvability of word problems and so in the meaning of
special algorithmic problemsq]). For a future project,
one can study to make a connection between Grobner
bases and power (or commutator) subgroups. Because if a
positive solution can be obtained for that project, thes thi
will be directly implied the signal process in computer

transversal fo” and we apply the Reidemeister-Schreier science.
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