
Rocky Mountain Mathematics Consortium
 

 
SEPARABILITY AND EFFICIENCY UNDER STANDARD WREATH PRODUCT IN TERMS OF
CAYLEY GRAPHS
Author(s): FIRAT ATEŞ and  A. SINAN ÇEVIK
Source: The Rocky Mountain Journal of Mathematics, Vol. 38, No. 3 (2008), pp. 779-800
Published by: Rocky Mountain Mathematics Consortium
Stable URL: https://www.jstor.org/stable/44239474
Accessed: 23-08-2019 11:25 UTC

 
JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide

range of content in a trusted digital archive. We use information technology and tools to increase productivity and

facilitate new forms of scholarship. For more information about JSTOR, please contact support@jstor.org.

 

Your use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at

https://about.jstor.org/terms

Rocky Mountain Mathematics Consortium is collaborating with JSTOR to digitize, preserve
and extend access to The Rocky Mountain Journal of Mathematics

This content downloaded from 193.255.189.6 on Fri, 23 Aug 2019 11:25:05 UTC
All use subject to https://about.jstor.org/terms



 ROCKY MOUNTAIN
 JOURNAL OF MATHEMATICS

 Volume 38, Number 3, 2008

 SEPARABILITY AND EFFICIENCY UNDER

 STANDARD WREATH PRODUCT
 IN TERMS OF CAYLEY GRAPHS

 FIRAT ATE§ AND A. SINAN ÇEVIK

 ABSTRACT. In this paper we are mainly interested in
 separability and efficiency under the standard wreath product.
 To do that we will first obtain a presentation, say Vg > f°r the
 standard wreath product in terms of Cayley graphs. Then we
 will prove our first main result of this paper, which can be
 thought of as an application of the result given in [IT] (or the
 general result in [6]). Moreover, by considering the standard
 wreath product G of any finite groups B by Ai we will define
 the relationship between B-separability and efficiency, on G,
 as another main result of this paper.

 1. Introduction. Let G be a group, and let H be a subgroup of
 G. Then G is said to be H-separable if, for each x G G - H, there
 exists N < G with finite index such that x ļ NH. Moreover, G is
 called subgroup separable if G is inseparable for all finitely generated
 subgroups H of G. The best known results about subgroup separability
 can be found, for instance, in [2, Section 3], [11, 14]. Furthermore, let
 S be a generating set for G . The Cayley graph , see, for example, [3, 8,
 12, 13], of G, denoted by Tg, with respect to S has a vertex for every
 element of G, with an edge g to g s for all elements g G G and s e S.
 Thus, the initial vertex of the edge is g and the terminal is gs.

 Suppose that G is the semi-direct product of a group K by a group
 A , denoted by K Xq A where 6 : A - ► Aut (if), a - > 6a, a G A, is a
 homomorphism. Suppose also that Vk = {y, s) and Va = (#; r) are

 the presentations for the groups K and A , respectively, under the maps
 y - ^ ky, y G y, x - >> ax, x G x. (We note that, throughout this paper,

 the notation " • " used in group presentations denotes the finite set of
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 780 FIRAT ATE§ AND A. SINAN ÇEVIK

 generators and relators). Then, by [9], we have a presentation

 (1) VG = (y,x; £,£,£),

 for G = K xi# A , where t = {yx y € y, x e x} and 'yx is

 a word on y representing the element ( ky)6ax of K, a € A, k e K,

 y G î/, X G X. (We recall that, by [5], the semi-direct product can

 also be defined as the split extension). Assume the group A is finite.
 Moreover, let B be any finite group, and let K be the direct product
 of 'A' copies of B. In [6] has been given the definition of the standard
 wreath product of B by A, denoted by B I A, which is actually the semi-
 direct product of K by A. (We should note that some authors, for
 instance Karpilovsky [10], use the notation A'B instead of B'A. Here
 we use the notation as in [15]).

 Furthermore, let us suppose that G is a finitely presented group
 with a finite presentation V = (x;r). Then the Euler characteristic

 of V is defined by X(V) = 1 - 'x' + |r|, where |.| denotes the
 number of elements in the set. Also there exists an upper bound
 5(G) = 1 - rkz(#i(G)) + d(H2(G )), where rkz(.) denotes the Z-
 rank of the torsion-free part and d( . ) denotes the minimal number of
 generators. In fact, by [6], it is always true that X(V) > S(G). We then
 define X(G) = min{x(V) : V is a finite presentation for G}. Hence, a
 presentation, say Vo , for G is called minimal if X(Vo) < X(P), for
 all presentations V of G. Also, the presentation Vo is called efficient
 if X(Vo) = 0(G). In addition, G is called efficient if X(G) = 5(G).
 We note that examples of efficient and inefficient groups have been
 referenced in detail in [6].

 In this paper we will investigate, mainly, the relationship between
 the efficiency and separability under standard wreath products. First
 of all, we will obtain a presentation for this product by defining a
 construction based on a Cayley graph. (We note that the use of Cayley
 graphs in presentations is well known in semigroups [1]). In [15] has
 been given the efficiency for p-groups under general wreath products,
 and in [6] has been defined the sufficient conditions for finite groups to
 be efficient under standard wreath product. After these two results, as
 a first main result of this paper, we will give sufficient conditions for
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 STANDARD WREATH PRODUCT 781

 a standard wreath product presentation of the collection of p-groups
 to be efficient on the minimal number of generators. (Actually the
 importance of this result is that it was obtained using Cayley graphs).
 Further, for a standard wreath product, say G, of any finite groups B
 by A, we will prove, by the meaning of the efficiency on the minimal
 number of generators, that G is ^-separable. Moreover, we will give
 an example and some applications for these two results.

 2. Main theorems. Let A be a nontrivial finite abelian group.
 Then, clearly, A can be uniquely written as

 A - Zni (B Zn2 ® @ Znr, Tl' I 71-2 |"**| rir.

 We define the first torsion number of A, called t(A ), to be n'. If A is
 a trivial finite abelian group, then t(A) = 0.

 Suppose that the following three conditions hold for finite groups A
 and B.

 (i) A and B have efficient presentations Va - (Xêi r) and Vb =

 (y, s), respectively, on g , n, g, n G N, generators where n = d(B ),

 (ii) d(B) = d(ff1(B)),

 (iii) either the orders of A and Hi(B) are even and also t(H2(A)),
 t(H2{B)) and t(Hi(B)) are even or the order of A is odd and there
 exists an odd prime p dividing t(H2(A )), t(H2(B)) and t(H' (B)), where
 t( . ) is the first torsion number of the abelian group as defined above.

 The proof of the following result can be found in [6, Theorem 1.1]
 which is the generalization of the result in [17].

 Theorem 2.1. Let G = B I A, and suppose that (i), (ii) and (iii)
 hold. Then G has an efficient presentation on g + n generators.

 Remark 2.2. As depicted in [6, Remark 1.2], there is interest not just
 in finding efficient presentations for a finite group G, but in finding
 presentations that are efficient on the minimal number of generators,
 see [18].
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 782 FIRAT ATE§ AND A. SINAN ÇEVIK

 Now suppose that both A and B are p-groups, for some prime p, and
 let the above condition (i) hold. In fact we do not need conditions (ii),
 by Proposition 3.5 below, and (iii) since A and B are p-groups.

 Thus, we can give the following result as a consequence of Theo-
 rem 2.1.

 Corollary 2.3. Let G = B I A, where A and B are p-groups,
 satisfying condition (i) . Then G has an efficient presentation on g -'-n
 generators.

 By extending the meaning of Corollary 2.3, we obtain the following
 theorem as a first main result of this paper.

 Theorem 2.4. Let AiìA2ì... ,Ar and B be finite p-groups. Also ,
 let

 Go = B , G' - Go l Ai, G2 - Gì I A2, - • • , Gr = Gr-i I Ar.

 If B has an efficient presentation on d(B ) generators , then Gr has an
 efficient presentation on d(Gr) generators.

 Suppose that the above three conditions hold for any finite groups
 A and B , and also suppose that G = B I A. Then, as another main
 result of this paper, we have the following theorem which gives the
 relationship between efficiency and separability.

 Theorem 2.5. Let us suppose that G has an efficient presentation on
 d(G) generators , that is , with a minimal number of generators. Then
 G is B -separable.

 3. Preliminaries. We should note that some of the following
 material in this section can also be found in [6].

 Proposition 3.1 [16]. Let B be a finite group. Then

 (i) H2(B) is a finite group , whose elements have order dividing the
 order of B'

 (ii) H2{B) = 1 if B is cyclic.
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 Let A be an abelian group. Then we denote by A#A the subgroup
 of the factor group of A® A generated by the elements of the form
 a 0 b + b <g> a (a, b G A). Also, for any group K, an element of order 2
 is called an involution.

 Theorem 3.2 [4]. Let m denote the number of involutions in the
 group A. Then

 H2(B I A) = H2(B) © H2(A) © (Hi(B) ® HiiBtfW-™-1)'2
 © (Hi(B)#Hi(B))m .

 In the rest of the paper Zn will denote the cyclic group of order n.

 Lemma 3.3. Let B be a finite group, let

 t

 ffi(ß) = © zni,
 i= 1

 and let s be the number of even ni, 1 < i < t. Then

 H'{B)#Hi{B) = 0 z(nłtnj) © z<*'
 1 <i<j<t

 where is a direct product of s copies of Z2 .

 The proofs of the above proposition, theorem and lemma can be found
 in [10]. Also, the proof of the following lemma can be seen easily using
 a simple calculation.

 Lemma 3.4. Let A and B be finite p-groups for some prime p. Then

 d{A®B) = d{A) + d(B).

 It is clear that Lemma 3.4 can be extended for more than two groups.
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 784 FIRAT ATE§ AND A. SINAN ÇEVIK

 The following proposition will also be needed for our proofs, and the
 proof of it can be obtained by a standard way.

 Proposition 3.5. Let B be an arbitrary finite p-group. Then
 d(B)=d(H1(B)).

 4. Proof of main theorems.

 4.1. Proof of Corollary 2.3 and Theorem 2.4. In this section
 we assume that G = B I A, where A and B are p-groups, satisfying
 condition (i). We recall that the other two conditions have already
 held for p-groups.

 We will first prove Corollary 2.3, which has been shown in [6] by a
 different technique, and then, by iterating this progress, we will obtain
 the proof of Theorem 2.4. This section will be divided in two parts,
 namely " calculation of ¿(G)" (which is the homological part) and "to
 obtain an efficient presentation for B'A " (which is the geometric part).

 1) Calculation of S(G). We note that since G is a finite group,
 rkz(#i(G)) = 0. Hence, 6(G) = 1 + d(H2(G)).

 Case 1. p is odd. Since m = 0, by Theorem 3.2, we have

 H2(B I A) = H2(B) © H2(A) © (HiiB) ® HiiBtfW-W.

 Then, by Lemma 3.4,

 1 + d{H2(G)) = 1 + d(H2(B)) + 1 + d(H2(A)) - 1

 Therefore,

 8{G) = <S(j4) + 0(B) - 1 + d((tfi(B) ® /f!(ß))(|A|-1)/2)

 - XC Pa) + X{VB) - 1 + d((Hi(B) ® H^B))^1»2)
 since A and B have efficient presentations on d(A)

 and d(B) generators.

 Now let us calculate d((Hi(B) 0 Hi(B))^a^~1^2). We know that
 B is a p-group and so the abelianization group Hi ( B ) of B is also a
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 p-group. Moreover, in condition (i), we assumed that 'y' = d(B ), that
 is, B has an efficient presentation (y; s) on d(B) generators. Then, by

 Proposition 3.5, d(B) = n = d(Hi(B)). So we can write

 HX(B) = Zpkl X Zpk2 X • • • X Zpkn .

 Then,

 H^B) ® Hi(B) = (Zpfcl X Zpk2 X ... X Zpkn)

 ® (Zpfcj X Zpk2 X ... X Zpfcn )

 - (Zpmin (fci.fcļ)) ® (Zpmin(feļ ,fe2) ) ® * * * ® (Zpmin( feļ ,fen ) )

 ® (Zpmin(fc2,fci) ) ® (Zpmin(fc2 i^2 ) ) ® * * * ® (Z^min (k2,kn) )©

 (Zpmin(fcn,fci) ) ® (Zpmin(fcn,fc2) ) ® * * * ® (Zpmin(fcn ,fcn) )•

 Thus, d(Hi(B) 0 Hi(B)) = n 2 and so

 d{Hx{B) ® = i(|A| - l)n2.
 Hence,

 (2) 5(G) = x(^) + X(Pb) - 1 + '('A' - 1 )n'

 Case 2. p is even. Due to the fact that the number of involutions is
 uncertain in 2-group, we can just keep it as m in our calculations. By
 Theorem 3.2, we have

 H2(G) = H2{B) © H2(A) © (ffi(B) ®
 ®(F1(ß)#H1(ß))m.

 Then, by using Lemma 3.4, as in the previous case, we get

 1 + d(H2(G)) = 1 + d(H2(B)) + 1 + d(H2(A)) - 1

 + á((iři(B) O Hi(£)))<|A|-m-1)/2
 + d(H1(B)#Hl(B))m.
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 Since A and B have efficient presentation on d(A) and d(B) generators,
 respectively, we have

 8(G) = X{VA) + X{VB) - 1 + d((Hi{B) ® fr1(B))<'A'-m+1>/2)
 + d(H1(B)#H1(B))m.

 Hence, we can write H'{B) = Z2k1 x Z 2fc2 x ••• x Z2fcn, and we
 then get d(Hi(B) 0 H'(B)) = n2, where d(£) = n = d(Hi(B)) by-
 Proposition 3.5, so that

 d(H'(B) ® íř1(JB))(|i4|_m+1)/2 = J(|i4| - m + l)n2.
 Âà

 Also, by Lemma 3.3, we get

 = (Z2min(fc1,fc2) ) ® (Z2min (fcl ,fc3) ) ® * * * © (Z2min(fc1 ,fen ) )

 © (Z2min(fc2 ,fc3) ) © (Z2min(fc2 >fc4) ) © * * * © (Z2min(fe2 ,fcn ) )

 © (Z2min(fcn_2)fcn_1) ) ©(Z2inin(fcTl_2,fcn) )©(Z2min(fcn_1,fen) )

 ®zļn)
 since Hi(B) is a 2-group, we take s = n.

 Now, by Lemma 3.4, d(Hi(B)#Hi(B)) = (n - 1) + (n - 2) + • • • +
 2 + 1 + n = ( n 2 + n)/2. Therefore,

 d{H1(B)#H1(B))m =

 After that we have

 (3) 0(G) = X(VA) + X(VB) - 1 + 'n2 (j¿| + ^ - l) .

 2) To obtain an efficient presentation for G. In fact, we first need
 to obtain a standard presentation for G = B I A where A and B are
 finite p- groups, for any prime p, by the following construction. (This
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 construction contains some geometric steps and Tietze transformations
 [12]). The following process can be followed for the construction.

 Let {ax : x G x} be a generating set for A corresponding to the

 presentation Va = and let {by : y G y} be a generating

 set for B corresponding to the presentation Vb = (y, s). We let

 A {ûlî Û2? • • • Î

 • Choose an ordering a' < a,2 < • • • < an where a' = 1.

 • Draw a Cayley graph Ta of A on its elements.

 • For each vertex a £ A, take a copy ( y ^ ; 5^°^) of Vb-

 • For each pair of vertices a, a', where a ^ a', write down relations

 y(a)z(a') - z(°')y(a)) y,z e y.

 • For each positive edge

 x

 I

 d CL&x

 in the Cayley graph, write down the relations

 X~1y^X = y(aax'

 After these steps, we can get the following lemma which can be proved
 directly by the meaning of standard wreath product and by considering
 the presentation Vg, as in (1).

 Lemma 4.1. Let G = Bl A where A and B are finite p-groups. Then

 *Pg - ( V ^ ( a £ A), ^ ( a € A ), r, y^z^a * = z^a Va'

 x~1y^x = y{aax)
 (a, a' £ A, a / a', x G x, y, z G y))

 is a standard presentation for G .
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 788 FIRAT ATE§ AND A. SINAN ÇEVIK

 Tz2xz2 ^"z2xz2

 X'

 X2f JX2 Xl ' JX2 XÁ JX2 Xl Z2Í Jx2

 (1,(21); sPÏ5y-^_^^(î,(22);£(22))
 Xl = ~ Xl = ~

 (a) (b)

 FIGURE 1.

 • Finally, on Vg, link the Tietze transformations to some geometric
 ideas related to the Cayley graph.

 Remark 4.2. 1) In fact the construction above, as well as Lemma 4.1
 cannot only be applied for p-groups but also for any finite groups A
 and B. Nevertheless, to prove our first result (Theorem 2.4), we will
 consider A and B as p-groups.

 2) The reason for keeping track of the use of the Cayley graph in our
 construction is to obtain the set of relators y^z^a ) = z^a and
 x-i y(a)x = y(aa*' a, a' e A, a / a', y, z e y, x G x.

 Remark 4.3. The construction above which is about obtaining a
 presentation for the standard wreath product has not been within our
 reach in literature. Besides that a presentation, say Vg, (similarly as
 Vg in Lemma 4.1), for G = B I A where A and B are any finite groups,
 can be obtained by different methods, see, for example, [6]. In fact Vg
 can be thought as a generalization of Vg, and we will use Vg for the
 proof of our second result, see subsection 4.2 below.

 Example 4.4. Let B be a finite group. Now we will obtain a
 presentation for G = B I Z2 x Z2 by using the Cayley graph based on
 the above construction.

 Let Vz2xz2 = (x h x2 ; #2? ^1^2 = ^2^1) be a presentation for
 the group Z2 x Z2 on the generators {#1, £2}. For simplicity, let us
 label the elements 1, a?i, x<i and x'x<i by the numbers (11), (12), (21)
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 ■^~Z2 XZ2

 O/11); 5(n>> f1 (y{12)' £(12))

 / ^

 (.(21);£(21)>^^r (î/(22);S(22)) "

 (a) (b)

 FIGURE 2.

 and (22), respectively. For each vertex (¿7), where i,j G {1,2}, we take
 a copy ; s^) of Pß. In fact, by fixing the four copies of Vb into

 each vertex in the Cayley graph rz2xz2> given in Figure 1 (a), we get
 the Cayley graph rz xZ , depicted in Figure 1 (b). Thus, we obtain
 relators

 x^y{11)xi = t/(12), X2 1y{11)x2 = y{21);

 xīxy{12)xi = 2/(11), xi 1y{21)x2 = y{11'

 x^y{21)xi = y{22' xī 1y{l2)x2 = y{22'

 x^y{22)x 1 = ž/(21), xī 1y{22)x2 = 2/(12)5>

 by using r'ZaxZ2. In other words, for i J G {1,2},

 x^y^xi = y ^ j = 0 (mod 2),
 x21y^x2 = 2/^+1 ¿ = 0 (mod 2).

 For each of the vertices ( ij ) and (/ra), in Figure 1 (b), where ( ij ) <
 (/ra), we also have relators

 Therefore, by Lemma 4.1, G = B I Z2 x h2 has a presentation

 VG = (yM,x i,z2; £(u), xî, x2, aria?2 = ®2®i, b(u), 2(/m)],

 (^) J'+1), j = 0 (mod 2),
 x21y^x2 = ž/ī+1 i = 0 (mod 2)),

 where i,j G {1,2} and ij < Im. □
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 790 FIRAT ATE§ AND A. SINAN ÇEVIK

 Suppose that we have a Cay ley graph Ta - Now let us pick a maximal
 tree T in Ta and then, for each a G A, let 7a be the geodesic in T from
 1 to a as in Figure 2 (b). Also, let Wa be the label on 7a.

 We can apply some Tietze transformations on the presentation Vg->
 given in Lemma 4.1, as follows:

 (Tl) Add the relators y ^ = W~xy^Wai where y ^ G y^a' since

 these are consequences of the relators x~ly^x = y(aaxi and r.

 (T2) Delete the relators x~1y^x = y(aaxi since these are conse-
 quences of the relators = W~ly^Wa and r. Let us show it:

 For any a G A, take y ^ = W~ly^Wa and conjugate it by x. Then
 we get x~ly^x = x~1W~1y^Wax, so x~xy^x = W~¿xy^ Waa¡c,
 see Figure 2 (b). Since W~1y^Wa = y^a' we write W~^xy^Waax =
 2/(°°x). Thus, we have y^aa^ = x~ly^x.

 (T3) Delete s^a' where a / 1, since these are consequences of the

 relators and y ^ = W~ly^Wa- Thus, after deletion we will just

 have in the presentation. Let us show it:

 We have

 (6) y{a) = W~1y^Wa, 1.
 Let us take G and G s^a' That means the letters

 and S belong to y^ and y^a' a / 1, respectively. It follows from

 (6) that we have = W~1S^Wa, a / 1. Thus, since G
 and is a relator in the presentation Vg (given in Lemma 4.1), we

 get ~ 1 and so S ^ ~ 1. That is, the relators are derivable

 from Thus we can delete s^a' a ^ 1, and we then have just
 in the presentation, as required.
 (T4) Delete the generators y^a' where a ^ 1, and replace y^

 by W~1y(1ÏWa, where a / 1, in y^z^a'^ = z^a^y^a' a, a' G A ,
 y,z G y. After deletion, we have only the generator y W in the set

 of generators y(a'
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 At this stage we have a commutator relator set with the form of
 [y^1'W~1z^Wa'i for each a e A, which has total 'A' - 1 elements,
 and also have another commutator relator set with the form of

 (7) [W-y^W^W-'z^W^j,

 where ai, a<i G A. Let us take relators (7) and conjugate them by W~'
 So we have

 Then the inverses of these are [z^' Wa2 W~^y^WaiW~^] and, actu-
 ally, these relators are the form of

 (8) [y^KWa.W-'z^Wa.W-1].

 But the relators in (8) are equal to some relators which are the form
 of [y{l'W~lz^Wa' since W^W'1 ~ Waļū- i ~ Wa. Therefore we
 delete the relators in (7) since these are a consequence of the relators
 [y(l'W~lz^Wa'> Thus, we have just [y^1'W~1z^Wa'i for each
 a e A, śm commutator relator set in the presentation Vg •

 By omitting the superscript we then obtain the presentation

 (9) Pi, G = (y, X ; s, r, [y, W~lzWa], (a € A, a / 1, y,z G y)),

 for the group G = B I A.

 As in the homological part, we have two cases.

 Case 1 . p is odd. Let us take the presentation V' given in (9). We
 recall that there are not any involutions in A since the order is odd.
 Hence, we will omit "ra" in our calculations.

 For any a e A, let us take [y, W~1zWa] and then conjugate it
 by (Wa)1, where I = 1 (mod p) and Wa(Wa)1 ~ 1. Then we get
 [(Wa)~ly(Wa)1 , z], and the inverse of it is [z, (Wa)~ly(Wa)1]. In fact,
 it is the form of [t/, (Wa)~l z(Wa)1], for any a e A. Since Wa(Wa)1 ~ 1,
 a £ A, (or, equivalently, (Wa)1 ~ VF"1), we have [y, (Wa)~lz(Wa)1].
 But this is one of the relators in the relator set [; y , W~lzWa', a E A,
 a / 1. In other words, for any a e A, [y, (Wa)~l z(Wa)1] is a
 consequence of [y, W~1zWa'> So we delete [y, W~lzWa'' Now if we
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 apply the same process to each a G A then we delete half of the relators
 of the form [2/, W~1zWa'- In fact, we delete (|A| - l)/2 elements from
 this set. Therefore, we have the presentation
 (10)
 ^2, G = (y, X ; S, r, [y, (lf0) z(Wa) ], (a e A, a ± 1, y,z € y)),

 for G. Before we calculate the Euler characteristic of V2 ,g> we should
 remark that the number of elements in [2/, (Wa)~l z(Wa)1] is (|A| -
 l)/2|y|2. Hence,

 X(P2,g) = 1 - (|x| + |î/|) + |r| + |s| + (|^| - l)/2|j/|2

 = 1 - (|z| + M) + 1 - 1 + |r| + ||| + ('A' - l)/2'yf

 = (1 - |z| + |r I) + (1 - 'y' + |s|) - 1 + ('A' - l)/2|y|2

 = X(VA)+X(VB)-l + ('A'-l)/2'yf.

 By the assumption 'y' = d(B) = n,

 X(V2,g ) = X(VA) + X{VB) - 1 + (|A| - l)/2n2.

 Therefore, X(V2 ,g) is equal to S(G ), given in equation (2). So V2 ,g is
 an efficient presentation for G.

 Case 2. p is even. Let us consider the set of relators [2/, W~1zWa',
 where a ^ 1, a E A, y, z E y , in the presentation V',g in (9). In

 fact, there are a total |t/|2(|^4| - 1) elements in these relators and,

 clearly, we have 'y' 2 choices of them. But we also have some mutually

 inverse terms in these 'y' 2 choices, for instance, [2/1, W~1y2Wa' and

 [2/2 1 W~1yiWa], 2/1 ? 2/2 £ y • The number of mutually inverse relators

 in these 'y' 2 choices is I2/KI2/I - 1) /2. Moreover, since each relator in

 these 'y'2 choices has |^4| - 1 elements, the total number of such these

 mutually inverse relators is (|A| - l)('y'('y' - l))/2, say S'. But, by
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 Tietze transformations, we can delete these S i elements since they are
 derivable from the others as follows:

 For 2/1,2/2 € y and a £ A, take [2/1, W~ly2Wa'. Then, by conjugating

 W a, we get

 [Way1W-1,y2] ~ [y2, W~lyiWa]
 ~ [2/2, (w-'r'yiw-1]
 ~ [ž/2, (w^rViO
 since Wq1 ~r Wa-i =a Wai, for any ai <E A

 ~ [í/2 j W-^WaJ ~ [2/2, W^W«]
 since Wai ~ Wa.

 After deletion we get the total

 |»|2(|A| - 1) - Ą = |(|A| - 1)(|W|2 + Iwl)

 relators, say £2, in the set of relators [ y , W~1zWa'ì a £ A, y, z £ y.

 We can still apply some deletions on these S 2 elements. Because we
 also have

 (11) [y, W^yWa], a G A, y e y

 relators. In fact, the total number of these relators is 'y'. Moreover,

 we can find some inverse elements in relators (11) and the number
 of these inverse elements, for each relator in (11), is (|A| - 1 - ra)/ 2,
 where ra is the number of involutions in A. Then, since we have total
 I y I relators in (11), the total number of these inverse relators in (11) is

 |ž/|(|A| - 1 - ra)/ 2, say S3. Hence, by deleting these Ss elements from

 the ¿>2 elements, we get (1/2) 1 7/ 12 ( |^4| - 1 + (ra/|?/|)), say Są, in the set

 of relators [2/, W~1zWa'.

 Therefore, we have the presentation

 (12) Vz ,G = {y, X] s, r, [y, W^zWa], (a e A, a ± 1, y,ze y)),
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 for G = B I A. Hence,

 X(Ps,g) = l-(|®| + |»|) + |r| + |«| + ^ ('A' - 1 + 'yf

 = 1 - (|z| + 'y') + 1 - 1 + |r I + I s I

 +K|a|-i+§)'h|2
 = (1 - 'x' + |r|) + (1 - 'y' + |£|) - 1

 +>-1+fi¥
 = X(Va) + X(PB) - 1 + g - 1 + 'y' 2-

 As p is the even case, by the assumption 'y' = d(B) = n,

 X(Vs ,G) = X(VA) + X{VB) - 1 + g ~ 1 + ~^)n2.
 Thus X(P3 ,g) is equal to 5(G), given in (3). So T^g is an efficient
 presentation for G.

 Example 4.4 (continued). Let us choose a maximal tree Tz2Xz2?
 as depicted in Figure 2 (a), from the Cayley graph r'Z2><Z2, given in
 Figure 1 (b). Then we can delete some relators in presentation (5) as
 follows:

 Clearly s^' where z, j G {1,2}, ( ij ) ^ (11), is a consequence of

 Let G s^' and let S G s^. Suppose is the label

 on 7 ij. Then W^1 S^Wij = Since S G s^11) and s^11) is a
 relator in the presentation and then since S ~ 1, we say that is

 derivable from s^11), and so we delete from the relator set in the

 presentation. Let 71 1, 712, 721 and 722 be geodesies in maximal tree
 Tz2xZ2 from 1 to (ij), (ij) G Z2 x Z2, and let us suppose that

 1 labels 711, x' labels 712, £2 labels 721, £2^1 labels 722.
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 Hence, by using relations (4), we have

 zryn)*i = z/12' x2 1y(<11^x2 = y and x^x^y^ X2X' =

 or, equi valent ly,

 (13)
 7i21î/(11)7i2 = y{12' 72i1î/(11)721 = y(21), 722Xî/(11)722 = y(22)-

 Prom the Cayley graph in Figure 1 (b), we can easily see that

 .V 712712 = 1, 712721 = 722 = 721712, 712722 = 721 = 722712,1

 (14) .V = , 1, = = ' 721721 = , 1, 721722 = 712 = 722721- J

 Using (13), we get

 [yd1), *(12)] = [y(11), 71-21^11)712],

 [y(11), z(2l)] = [y(11), 7¿i1^(11)72i],

 [2/(ii), ,(22)1 = [y(ii)i 7-i2(n)722])

 [y(12), z{21)] = [7x~21y(11)7i2,7¿i1^(11)72i],

 [y(12), z(22)] = [7r21y(11)7i2,72_21;2:(11)722]

 and

 [ž/(21), ^(22)] = [72iVU)721,722lz(11)722]-

 After that, by applying (14) and using 7^ and J22> we can delete
 [y(12), z(21)], [y(12), z<22)] and [y<21>, z™}.

 Therefore we obtain the presentation

 (15)
 Vg = (î/(11), 2:1,^2; «("), xl, xĻ XiX2 = X2 Xl,[ž/(11), X11Zí'n)Xi],

 [y(11), xj1z(11)x2], [y(11), x^x^z^xix*]),

 for the group G = B I Z2 x Z2.

 Now assume that B is cyclic of order 4 with a presentation Vb =
 (y',y4). Then presentation (15) becomes

 (16) VG = {y,xi,x2;y4,xl,xl,xix2
 = x2xi ,[y, x^yxi^ly, x2lyx2],[y, x^x^yxixt]).
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 Since S( Z4 1 Z2 x Z2) = X(Vg) = 5, presentation (16) is efficient for the
 group G = Z4 I Z2 x Z2.

 Until now we have proved group G has an efficient presentation
 V2 ,g> as in (10), or P3 tG, as in (12). But, to complete the proof of
 Theorem 2.4, we must also show that these presentations are efficient
 on the minimal number of generators, that is, d(G) = #+n, by assuming
 g = d(Ä), actually, g = d(H'(A)) (by Proposition 3.5). This can be
 shown as follows:

 Let us consider the presentation V3 ,g- Since V3 ,g has g+n generators,
 we certainly have d(G) < g + n. So we just need to show that
 d{G) > g + n. For this, we will use the fact that the minimal number
 of generators of a group is greater than or equal to the minimal number
 of generators of a quotient group , in particular, d(G) > d(H'(G)). So
 we need to show that d(Hi(G)) = g + n.

 Now let us choose an ordering x' < x2 < • • • < xg of the elements in
 the generating set x.

 The first homology group of G can be presented by

 = (v,x;s, r, [y^W'^zWa]

 (aeĄa^l, y, z e y), [y, x] (y G y, x G x),

 [y,z] (y, z G y, y < z), [x,x'] (x,x' € x, x < x')).

 By applying deletion operations on Vh1(G)ì we have

 Ph^g) = (y, r, [y,x] (y G y, x e x), [y, z] (y,zey, y < z ),

 [x,x'] (x,xf G x, x < x'))

 So, by Lemma 3.4, d(ffi(G)) = d(iíi(A))+d(iíi(5)). Since d(ffi(A)) =
 d(A) = g and d(Hi(B)) = d(B) = n, by Proposition 3.5, we obtain
 d(Hi(G)) = g + n, as required. (We note that the ps being the odd
 case can be seen by using a similar way as above).

 Example 4.4 (continued). The presentation Vg , in (16), is efficient
 on 3 generators.
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 After all these processes of the proof of Corollary 2.3, we can prove
 Theorem 2.4, by induction on r, as follows:

 a) Let r = 1. Then the result holds by Corollary 2.3.

 b) Let r > 1; then Gr = Gr_i I Ar. By induction hypothesis, Gr_ 1
 has an efficient presentation on d(Gr- 1) generators. Moreover, Gr_i is
 a p-group. Since Ar is an abelian p-group, again by Corollary 2.3, Gr
 has an efficient presentation on d(Gr) generators.

 This completes the proof of Theorem 2.4. □

 Example 4.4 (continued). Gr = (• • • ((Z4 1 Z2 x Z2) I Z2 x Z2) I • • • ) Ì
 Z2 x Z2 has an efficient presentation on 2r + 1 generators. □

 4.2. Proof of Theorem 2.5. Suppose that G is the standard
 wreath product of any finite groups B by A satisfying conditions (i), (ii)
 and (iii). By the construction defined in the previous section (and so, by
 Lemma 4.1), we can get a presentation Vg, as depicted in Remark 4.3.
 After some deletion operations on Vg considering the set A - {1} can
 be divided into singletons {a} (a G A, a is an involution) and pairs
 {a, a-1} (a is not an involution) and choosing yi < y<¿ < • • • < yn for
 the elements of the generating set y , we get the following presentation

 Vgi from Vg for the group G. Let A+ be a choice of one element from
 each pair {a, a-1}, and let Inv be the set of involutions in group A.
 Thus,

 'Pg1 = (ž/,x; s,r,

 [y, W^zWa], (a € ¿+, y, z e y), [y, W~lzWa'

 (a e Inv, y, z G y, y < z)).

 We note that the above presentation Vgi can be thought as a general-
 ization of presentations V2& and 7'g since they present only p-group
 G. In [5] has been proved that the presentation Vgx 1S the simplest
 form for the group G, that is, it has the minimal number of generators
 and relators with a / 1. In that paper it has also been proved that
 this presentation is efficient with this minimal number of generators.
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 We also remark that there is no empty word in commutator relators in
 the presentation Vgx since a / 1. In fact this is the main point of our
 proof.

 By the definition of G = B I A = B x# A, the group is
 normal in G. Let us denote by N the normal subgroup B^AK We have
 a set G - B which has the elements obtained by the set x , and the

 elements satisfy the commutator form [y,W~1zWa' (a G A+, y,z G y

 or a G Inv, y, z G y , y < z). Recall that 7a is the geodesic in T from 1

 to a (see Figure 2 (b)) and Wa is the label on 7a. So Wa consists only
 the elements of the generating set x. Let U be the word obtained by

 the set G - B. Since a / 1 (and so Wa 1), U cannot be the form of
 [t/, z] (y,z e y, y < z). Also, U £ NB since NB does not have a word

 which contains the elements of x and does not have elements satisfying
 the commutator form.

 Due to Vgi is the efficient presentation with the minimal number of
 generators that is our beginning point and, moreover, since the material
 in the above paragraph can be applied for this efficient group G, we
 can directly say that G is ^-separable. In other words, by the meaning
 of minimal efficient presentation, we guaranteed that the set G - B
 can also be obtained by this minimal number of elements, and so the
 set NB cannot contain any elements of the form ( yz)k or ysz% , where
 y,z € y, k,i,s € Z+.

 This completes the proof. □

 As a consequence of Corollary 2.3 and Theorem 2.5, we have the
 following results.

 Corollary 4.5. Suppose that A and B are finite 2-groups and, for
 the group G = B I A, V3 cls in (12), is an efficient presentation on
 g + n generators. Then G is B -separable.

 Proof. In the proof of Theorem 2.5, let us take the presentation V?>,g
 instead of Vgx • Then, by Corollary 2.3, we know that it is efficient on
 the minimal number of generators. So, by applying the same steps as
 in the proof of Theorem 2.5, we get the result. □
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 Similarly,

 Corollary 4.6. Suppose that A and B are finite p-groups , where
 p is odd , and V2 ,g> as in (10), is an efficient presentation on g + n
 generators for G = B I A. Then G is B -separable.

 Furthermore, as an application of Theorems 2.4, 2.5 and Corollaries
 4.5, 4.6, we have the following result.

 Corollary 4.7. Let j4i, j42, ... ,Ar and B be finite p-groups , and let

 Go = B , G' = Go Ì Ai, G2 = Gì I Ai, • . • , Gr = Gr- 1 1 Ar.

 Suppose that Gr has an efficient presentation on d(Gr) generators.
 Then

 Gi is Go-separable ,

 G2 is Gi-separable , . . . ,

 Gr is G r -i- separable.

 Example 4.4 (continued). #lz2xz2| ļs the normal subgroup of
 G = ^lz2 X z2 1 xi Q (Z2 xZ2). We have a set G - B which has the elements
 obtained by the set {^î,^} and has the elements satisfying commu-
 tator forms [xi,x2], [y^x^yx 1], [y,X21yx2] and [2/, x^xx' 1yxix2'. We
 showed that presentation (16) is efficient on 3 generators. As we did
 in the proof of Theorem 2.5, the word U must contain xi or X2> How-
 ever i?lZ2xZ2l does not have a word that contains xi or Hence
 U £ b'Z2x7,2' B. That means G is ^-separable. □

 Question. Is there a relationship between subgroup separability and
 efficiency for a standard (or general) wreath product of finite groups?

 Acknowledgments. The authors are grateful to the referee (s) for
 kind help in modifying the original version of the paper.
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