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APPROXIMATION OF FUNCTIONS
OF WEIGHTED LEBESGUE AND SMIRNOV SPACES

RAMAZAN AKGUN

Abstract. In this work we investigate the inverse approximation problems in
the Lebesgue and Smirnov spaces with weights satisfying the so-called Mucken-
houpt’s A, condition in terms of the a-th mean modulus of smoothness, o > 0.
We obtain a converse theorem of trigonometric approximation in the weighted
Lebesgue spaces and obtain some converse theorems of algebraic polynomial ap-
proximation in the weighted Smirnov spaces.

MSC 2010. Primary 30E10, 46E30; Secondary 41A10, 41A25, 41A27, 42A10.

Key words. Weighted Smirnov spaces, Dini-smooth curve, inverse theorems,
fractional modulus of smoothness.

1. INTRODUCTION

Let LP (T) be the Lebesgue space of 2m-periodic real valued functions defined
on T := [—7, 7] such that

(e f @)Pdz)?, 1< p< o,
Hpr = eSSS_Il_lp|f (1‘)|, P = 00,
xre

is finite.

A function w : T—[0,00] will be called a weight if w is measurable and
almost everywhere (a.e.) positive.

For a weight w we denote by LP (T,w) the class of measurable functions
f+ T —Rsuch that wf € LP (T). We set [|f||,, = [[wf]],

Ifpl+gl=11<p<oo,welP(T),and 1/w € L4(T) then
L>®(T) C LP(T,w) C L' (T).
A 2m-periodic weight function w belongs to the Muckenhoupt class Ay, if
1/p 1/q
1/wp (x)dz 1/wq (x)dx <C
|| ) || )

with a finite constant C' independent of J, where J is any subinterval of T and
|J| denotes the length of .J.

Let
(1) S[f= ) e

k=—00
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be the Fourier series of a function f € L' (T) with J7 f(z)dz=0;50 co=0
in (1).
For a > 0, the a-th integral of f is defined by
In(x, f) =" ok (ik) e,
keZ*

where
(ik)™ = |k| @ eTV/Amasienk ang 7% .= {£1,42,43,...}.
It is known [9, V. 2, p. 134] that

fo (@) = 1o (2, f)
exists a.e. on T and f, € L' (T).
For a € (0,1) we set

d
F (@) = e ()
if the right-hand side exists. Then we define

dr+1

Fletn) (z) = (f(a) (x)>(7‘) deH]l oz, f),

where r € ZT :={1,2,3,...}.

Throughout this work by C'(«), c1, 2, ..., ¢i(a,...), ¢;(B,...), ... we
denote the constants (which can be different in different places) such that
they are absolute or depend only on the parameters given in the corresponding
brackets.

Let z,t € R, « € RT := (0,00), 1 < p < 0o. We set

o
2 AM() = (- [+ (@—R)t), felr(Tw),

k=0
where [C}] := w for k > 1, [C}] == a for k =1 and [C}] :=1 for
k=0.

Since

we have

) =Y [[CF]] < oo,
k=0

and A2 f (z) is defined a.e. If @ € Z*, then the fractional difference A f ()

coincides with usual forward difference, namely,

APf(z) =3 (~1)[C2]f (5 + (a—k)t)

k=0
= 3 ()R f (w4 k), ae T
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We define
] 1)
w3t e = [ @]t fer(Tw), 1<p<oc
0

Using the boundedness of the Hardy-Littlewood Maximal function in L? (T, w),
1<p<oo,we Ay we get

(3) 108 f (@)l < C (@) er () [[fl < 00

Now, if @« € RT, we define the a-th mean modulus of smoothness of a
function f € LP (T,w), where 1 <p < oo and w € A, as

Qa (f 1)y = sup |lo§ f (2)]],,, -
|5|<h

REMARK 1. The a-th mean modulus of smoothness Q, (f,h) a € R,
has the following properties:

(i) Qa (f,h),,, is a non-negative and non-decreasing function of i > 0.

(11) Qa (fl + f2) .)p,w < ro (flu ')p,w + Qa (f27 ')p,w'

(iii) im Q4 (f,h),, =0.

h—0 Py

p7w’

In what follows let

En(f)p,w::Tig;; ||f_T||p7w7 fELp(T,W), 1<p<oo, n:O7172>'-'a

where 7, is the class of trigonometrical polynomials of degree not greater than
n.
We denote by W* (T,w), a > 0, 1 < p < oo, the linear space of 27-periodic

real valued functions f € L? (T,w) such that f(®) e L? (T,w) a.e.

The next theorem is new for positive values of the integer o. For w =1 the
result was proved in [7].

THEOREM 2. Let f € Wi (T,w), a >0, w € Ay, 1 <p < oo. If, for some
T €Tn
1f =Tl < c(®) En(f)py, n=0,1,2,...,
then
Hf<a> _ 7@

< c(ayp) By <f(a)> , n=20,1,2,....

pw pw

Proof. We put S, f (z) := Sy (x, f) := 3. cxel*® for the v-th partial sum of
k=—v
2n
the Fourier series (1) of f € W' (T,w) and W, (f) := Wy(z, f) = %H > Su(x, f),
n=012,... o
Hence Wy (z, f©@)) = W (z, f).
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Consequently

|F@e =T g \f<a<> Wal-, 1)

p?w

_l’_

n

P
T (- Wi (f)) — T (., H

D) =T W)

We denote by T (z, f) the best approxnrnatlng trigonometric polynomial of
degree at most n to f in LP (T,w). In this case, using the boundedness of W,
in LP (T,w), we obtain
’fm)(.) Wi, £@) .
< £ =T )
<e) B (1) +|w
<c (a,p) By (0‘) .
< c1 (o, p) <f )p’w
From [5] we get
T Wl £) =T D)< ea(@up)n® [Tl Wal ) = Tl Dl

and

Trt(a f(a)) - Wn(7 f(a))

(T (f1) = f@)

pw p,w

p7w

D) = TOCWalD)| < s o) @) IWal f) = Tal WD)l
< ey (a,p) (2n)" Ey (Wn(f>)p,w :

Therefore
[T Wi () = T Pl p o < 1T (s Walf) = Wal )l

+ IIW ) = F Ol 17 C) = Tl Al
¢ (p) En Wn(f))pw + €5 (0) En (f)y 0 +¢(0) En (f),, -

Since E, ( ( ))pw < €6 (0) En (f),,, we get
A

<eila ( V) e (@) By (Wal1))y 7 (0.0) Ea ()0}
+as o >< n)® By (WalF),

<er(op) B (f)  ten(@p)n"En(f)y

By [1, Th. 1.1] we have

(@) B (P < 202 g, (50
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so we finally obtain

|70 =T, )|

<c(a,p) Ey (f(a))

RW'

p)w
O

The next result was proved in [8] for w = 1.

THEOREM 3. Let 0 < a < 1,7 =0,1,2,3,..., w € A,, 1 < p < o0, and
T, €Tn, n>1. Then
(5) Qo (T, h) gy < c(p,r) BT TN 0 <h <m/n.

’ Pyw
Proof. Let

F(z) = AT, (:c - ;r Tt) = Y (2sinvt/2)°F ¢ e

vEZL?,

and

f(z) = ATT <x — gt) = Z (2isinvt/2)" (i) ¢, e”.

vEZLY,

If we put

¢ (2) = (2isinzt/2)" (i2) Y, g¢(z):= <2 sintz/2> .|zl < n, g (0) =1t
z
we find that

F@)= 3 eW)ae™, Fa)= 3 ¢)g®)ed.

veZ, vEZ},

The function g is positive, even and satifies ¢’ (z) < 0, ¢” (z) < 0 for z € [0, n],
0 <t <7/n. Hence

o .
g (Z) _ Z dkelsz/n
k=—0c0

uniformly on [—n,n], with dy > 0, (—=1)**'d, > 0, d_p = d}, (k=1,2,...)
(see, [8]). We get that

> km
F = i
mkzﬁﬂwn>
and therefore
a+rTr - I o kﬂ- «
APTTT, ()= Y dp AT (-+n+2 )

k=—00
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Consequently, we obtain

1) é
1 atr . 1 > r () k‘T(
5/\At T, ()|at| = 5/ ST ATl <++2t> dt
0 pw 0 lk=—o0 P
= 1 ; k
- rp(a) AL
< D Jdxl 5/‘AtT <+ +2t>‘dt
k=—oc0 0
p,w
Since
t t
A;;T,@(.):/-../T,ga”)(.ﬂl+...+tT)dt1...dtr,
0 0
we find
kr  «
Qrta( Tn,h w < dy| sup / dkATT (‘++t> dt
! Z | ||6\<h kz_:oo no 2
p,w
k=—oc0
1 1) t t k
sup // /T“*T)<+7r~|—t—|—t1+ >dt1...dtr dt
j8<h || 2
0 10 p,w
<h" Z |dk |,
k=—0c0
1 7 1 r k
sup /T/---/Tga+’”><+7r+t+t1+ tr>dt1...dtr dt
sl<h |0 |0 2
0 0 0 p,w
<h" |dk| sup,
kz |6|<h
1 P 1 p k
N z (actr) AU
57,/ /{5 T <+ +2t+t1—l— tr)dt}dtl...dt,,
0 0 0 p,w

< cio(r,p) A" Z |dkl‘§|u;;l
<

1)
- Ty(la‘f‘r) ( + kj + Ozt> ' dt
n 2

p’w

k=—o00
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<02 rp

o

" sup |d|
I5|<h k_z

—0o0

w\s:‘ —

p?w
By [8] we have

o0

k=—00
SO

> ldel <2g(0) =2t 0<t<m7/n

i || < 2%

k=—o00
for 0 <t <0 <h<m/n. Hence

QaJrr (Tnv h)

W < e (ryp) KT T

p7w .
On the other hand, we get, by a similar argument, that the same inequality

holds also if 0 < —h < w/n. Thus the proof of the theorem is completed

. O
The next result is a generalization of Theorem 2 of [4] to the fractional case.
THEOREM 4. Let a >0, w € Ay, 1 < p < o0o. Then the following inequality
holds for f € LP (T,w)
(a7p) -1
Qo (f,m/(n+1)),, < WZ(V—F DB, (f)pe, n=0,1,2

v=0

Proof. Let T,, € T, be the best approximating polynomial of f € LP (T
and let m € ZT. Then by assertion (ii) of Remark 1 and by (3) we have
Qo (f,m/ (n+1)),

> a(f_T2ma7T/ (n+1))p,

< ci2 (a, p) Eom (f)
Using Theorem 2, we get

w)
+ Q4 (Tyn, 7/ (n+1),

o+ Qo (Tom, 7/ (n +1))

Qo (Tym, 7/ (n+1))

pw <13 (@, p) <n—|— 1) HT'm
Since

m—1

o (2) = 1) (@) + Y- {1l (@) - T (@)}
we obtain

v=0

, n+1>2",

p,w

Qo (Tom, 7/ (n+1)),.,

< c13 (a, p) < -

) {3 e -

‘p,w} '
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From Bernstein’s inequality (see [5]) for fractional derivatives in LP (T,w),
where w € A, and 1 < p < 0o, we have

HTQE‘L -7l

< ci4 (Oé,p) 27 ||T2V+1 - TQV”pw <c5 (Oé p) VOH_lEQ” (f)pyw
p7w

al

[t~

b < ci6 (a,p) Ey (f)p,w :

Hence
Q0 (T2m7 7T/ (n + 1))p,w

a m—1
<7 (o, p) (n j_ 1> {Eo (o + > 20T Ey (f)p,w} :

v=0

It is easily seen that
21/

2By (f),, Scis(@) Y pOT B (f)pes v=1,23,....
p=2v-141
Therefore
Qa (Tgm, 7T/ (n + 1))p,w
(e}
T

Eo(f)pw +2E1 (f)y, + cis ( Z Z e, (

v=1p=2v-141

o 2m
< c19 (Oé,p) <TL j_ 1) Eo (f)p,w + Z /‘La_lEﬂ (f)p,w
pn=1

a2m—1
<enon) (1) X W B,
v=0

If we choose 2™ < n+ 1 < 2™+l then

Qo (Tom, 7/ (0 + 1)) Mi(u“)a‘lﬂj (e

PO (n+ 1) o~
and
C22 (aap = oa—
Ean (D < Byt (D < 2208 S (041 B, (1),
v=0
This finishes the proof. O

The next result was proved for a = 1 in [4].
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THEOREM 5. If f € Wy (T,w), 0 < a <1, r =0,1,2,3,..., w € 4,
1 < p< oo, then

Qo (1) < c(a,r,p) RO || fLOF7)

0< h<m.

p?w

Proof. Let T,, € T, be the trigonometric polynomial of best approximation
of fin LP (T,w) metric. By Remark 1 (ii), Theorem 2, and (3) we get

Qa+r (f; h>p,w S Qa+r (Tm h)p’w + Qa—i—r (f - Tn: h)p,w
S c (p7 T) hOH_r Téa—’_’,‘) + C22 (p7 «, T) En (f)p,w ) 0< h S 7T/7’L.

Then, using inequality (10) of [4], (4), and Theorem 2 of [4], we have
2
E, (f)pw < C(pvaaT;{)En (f(a)> < C18 (p,a’I)Qr <f(01)7 T )
’ (n+1) pw (n+1) n+l/,,

C23 (pa Oz,T‘) 27 " (a+r)
S Tt (n+1> e

By Theorem 2 we find

p7w

HTéa—l—r)

< HTy(La—i-r) o f(a+r)
pw

+ Hf(Oc—H")
Dw

p7w

<c(p,a,r)E, (f(a”))pw + Hf(owrr)

< C24 (p> «, 7") Hf(OH—T)

p?w p7w

Choosing h with 7/ (n+1) < h <7/n,n=1,2,3,..., we obtain

Qatr (f11),,, < c(p,o,r) RO || fO47)

p7w

and we are done. O

THEOREM 6. Let f € LP (T,w), 1 <p < oo, w € Ap. If B € (0,00) and

o0
Z VP1E, (f)pw < 00,
v=1

then

E, (1) <elp.B) ((n—i—l)fBEn Pyt >, V7B, (f)p#,).

p.w v=n+1

Proof. Since

Hf(m _ Snf@]

p’w

§H52m+2f(ﬂ)_ Snf“”H + i H5'2k+1f(5)—5'2kf(5)H ,
B

p,w k—m pw
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we have for 2" < n < 2m+l
p?w

‘ Somsz fBO) — 5, £(B) H
< ea5(p, B2 IPE, (f), 0 < c26(p, B) (n+1)° B (f),, -
On the other hand, we find

> |[Saas@ = 8us P <enws) 3o 2B (f),,

k=m-+2 k=m+2
o0 oo
= B) D>, VB (fy, <cn@B) >, VIE(f),,
y=2m+l4] v=n+1
which finishes the proof. O

COROLLARY 7. Let f € W (T,w), (1 <p<o0), we Ay, B€(0,00) and
ZV‘J‘AEV (f)pw <00
v=1
for some a>0. Ifn=20,1,2,..., then
Qq [ fl@ T
B <f ‘n+1/,,

caz(a, p, B) atB—1 — ol

2. APPLICATIONS TO WEIGHTED SMIRNOV SPACES

Let I' be a rectifiable Jordan curve and let G := intI', G~ :=extI[', D :=
{weC:|w <1}, T:=0D, D™ := extT. Without loss of generality we may
assume 0 € G. We denote by LP (T'), 1 < p < oo, the set of all measurable
complex valued functions f on T' such that |f|” is Lebesgue integrable with
respect to arclength. By FE, (G) and E,(G7), 0 < p < oo, we denote the
Smirnov classes of analytic functions in G and G, respectively. Let w = ¢ (2)
and w = ¢y (z) be the conformal mappings of G~ and G onto D™ normalized
by the conditions

@ (00) = 00, li_}m v (z)/z >0 and ¢ (0) = oo, lin%) zpq (2) >0,
Z— 00 zZ—
respectively. Let f € L' (T'). Then

1 1)
f+ (Z)_Tm' g_izd%
r

z € G,

is analytic on G.
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Let w be a weight function on I' and let LP (I, w) be the weighted Lebesque
space on I, i.e., the space of measurable functions on I' for which

1/p

1oy == / FEP ())de] | < oo
T

The weighted Smirnov spaces E, (G,w) and E, (G~,w) are defined as
E,(Gw):={feE (G): feLP(I'w)},
E, (G_,w) = {f € Fq (G_) cfelP (F,w)}.
We also define the following subspace of E, (G, w)
Ep (G_,UJ) = {f (S Ep (G_,(.U) : f(OO) = 0} :
Let l<p<oo,ze€l,e>0,and ' (z,e) :={t €l : |t — 2| < e}, %—i—%zl.
A weight function w belongs to the Muckenhoupt class A, (') if the condition

1
q

1 1
sup sup | — / wP (1) |dr| - / w (r)|dr] | < o0,
zel e>0 | € €
I'(z,e) T'(z,e)
holds.
With every weight function w on I', we associate the other weights on T by

setting wp :=w o1, wi:=wo,. For an arbitrary f € LP (T',w) we set

fow):=f W w)), fi(w):=[f(;(w), weT.

If T is a Dini-smooth curve, then the condition f € LP (I',w) implies that
fo € LP (T,wp) and f; € LP (T,w;). Using the nontangential boundary values
of fJ and f;" on T we define for a function f € LP (I',w) and a € R*

(6) " (f, 5)1",p,w = O ( 0+, 5)p,wo , o> 0,
Q. (f, 5)F,p7w = O (f1+, 5)p,w1 , 0>0.
We set
E, (f, G)p,w = Plé%n If = PHLP(FM) , E, (9, G_)p,w = Rien7£n lg — RHLp(r,w) )

where f € E, (G,w), g € E, (G~ ,w), Py is the set of algebraic polynomials of
degree not greater than n, and R, is the set of rational functions of the form
n

>
k=0 2
Some converse approximation theorems in the weighted Lebesgue spaces

LP(T,w), 1 < p < o0, w € A, were proved in [1] and [4]. In the weighted
Smirnov spaces E, (G,w),w € 4, (I') ;1 < p < 0o, the converse approximation
theorems were proved in [3] for Butzer-Wehrens modulus of smoothness.
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In the following we investigate the approximation problems in the weighted
Smirnov spaces in terms of the a-th mean modulus of smoothness.
The following converse theorems can be proved by the method given in [2]

and [3].

THEOREM 8. Let G be a finite, simply connected domain with a Dini-smooth
boundary I'. If a > 0 and f € E, (G,w), w e A, (I'),1 <p < o0, then

n

Qo (f,1/n)p, ., < C(F’i{j’a)Z(/ﬂﬂ)ﬂEk (f,@)per n=1,2,....

bW — n
k=0

If « = 2r, r =1,2,..., this result was proved in [3] for a different but
equivalent modulus of smoothness.
The converse theorem for an unbounded domain G~ is also true.

THEOREM 9. Let I' be a Dini-smooth curve. If « >0, f € Ep (G™,w), and
weA,(I'),1 <p<oo, then

~ C(F,p,Oé) - -1 75 -
Qa(fﬂl/n)l",p,w S TZ(’C+1)Q 1Ek (f?G )p,w’ n= 172a3a""
k=0
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